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We investigate the problem of the existence of first integrals for multidimensional and 
ordinary linear differential systems with constant coefficients. The spectral method of the 
first integrals basis construction for these systems of linear differential equations is developed. 
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1. K-differentiable integrals of IR-linear systems in total differentials 
1.1. M-linear homogeneous systems in total differentials 

We consider the system of equations in total differentials 

dw = X l (w)dz + X 2 (w)dz , (1.1) 

where w = colon(u>i, . . . , w n ) G C n , z = colon(zi, . . . , z m ) G C m ; dw = colon(diyi, . . . , dw n ), 
dz = colon(<izi, . . . , dz m ), and d~z = colon(dzi, . . . , dz m ) are vector columns; Zj is complex 
conjugate of Zj\ the entries of the matrices X\{w) = ||X T j(ty)|| and X 2 (w) = \\X Tjm +j(w)\\, 
r = 1, . . . , n, j = 1, . . . , m are the M-linear functions [1, p. 21] 

n 

X rk '■ W ~^ ^2( a rkti W i + a T k,n+^"^) for a11 ^ € C "' k = 1, . . . ,2m, 9=1,..., U, 

with constant coefficients a rk ^ G C, g = 1, . . . , 2n, k = 1, . . . , 2m, r = 1, . . . , n. We assume 
that the linear differential operators 

n 

tjW =ZX*eiM^ +Xi, m +jW\) forallu;GC", j = l,...,m, (1.2) 
5=1 

and 

n 

hn+j(w) = J2(X^ m+j {w)d Wi + X a (w)d w ^) for all w G C", j = 1, . . . , m, (1.3) 

induced by this system are related by the Probenius conditions [2; 3]. These conditions are 
represented via Poisson brackets as the system of identities 

[tk(w),tl(w)] forallwGC™, k = 1,. . . ,2m, 1 = 1,..., 2m, (1.4) 

i.e., system (1.1) is completely solvable [4; 5, pp. 15 - 25]. 

A general integral of the completely solvable system in total differentials (1.1) is n func- 
tionally independent M-differentiable first integrals of (1.1). The completely solvable diffe- 
rential system (1.1) has also n — m autonomous M-differentiable first integrals (see [6]). 

In this paper we study Darboux's problem of finding first integrals in case that partial 
integrals are known [7]. Using method of partial integrals [5; 8; 9], we obtain the spectral 
method for building first integrals of linear differential systems [5, pp. 239 - 272; 10 - 17]. 

The problems related to those studied in the present paper were intensively investigated by 
many people. For example, see for systems of ordinary differential equations [7; 12; 16 - 54], for 
partial differential systems [5; 8; 10; 15; 55 - 59], for systems of equations in total differentials 
[2 — 6; 8; 9; 11; 13; 14; 16; 32; 60 — 63], and this list is very far from being complete. 

1.1.1. M-linear partial integral. The M-linear function 

n 

p: w -> y](i) m + b n+ ^w^) for all w G C n (b e G C, g = 1, . . . , 2n) 
5=1 

is a partial integral of the system in total differentials (1.1) iff 

l k P{w) = p(w)X k for all w G C n , A fc G C, k = 1,.. . , 2m. 
This system of identities is equivalent to the linear homogeneous system 

(A k - \ k E) 6 = 0, k = l,...,2m, (1.5) 
where Aj = \\aij . . . a nj ai )m+j . . . a njjn+j \\ and A m+j = ||ai jm+ j . . . a njjn+j aij . . . a nj \\ are the 
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2nx2ra-matrices with a T k= colon (a T ki, ■ ■■ , a T k,2n),a T k=colon(a T k, n +i, ■ ■ ■ ,a T k,2n,a T ki, ■ ■ ■ ,a T kn), 
t = l,...,n, k = 1, ...,2m, j = l,...,m, E is the 2n x 2n identity matrix, and 
b = colon(6i, . . . , &2n) is a vector column. 

The Probenius conditions (1.4) for system (1.1) are equivalent [60, p. 73] 

A k Ai = AiA k , k = l,...,2m, 1 = 1,..., 2m. 

Then there exists a relation [64, pp. 193 - 194; 65] between eigenvectors and eigenvalues 
of the matrices A k , k = 1, . . . , 2m. 

Lemma 1.1. Let u G C 2n be a common eigenvector of the matrices A k , k = 1, . . . , 2m. 
Then the M. -linear function 

p: w —> for all w G C™, 

where 7 = colon(wi, . . . , w n ,wi, . . . ,w n ), is a partial integral of the system (1.1). 

Proof. If v is a common eigenvector of the matrices A k , k = 1, ...,2m, then v is a 
solution to system (1.5), where X k is an eigenvalue of the matrix A k corresponding to the 
eigenvector v. We obtain Tki^l) = X k uj for all w G C™, k = l,...,2m. Therefore the 
M-linear function p is a partial integral of the system in total differential (1.1). I 



1.1.2. Autonomous M-differentiable first integrals 

Theorem 1.1. Let v 6 , 9 = 1, . . . ,2m + 1 be common eigenvectors of the matrices A k , 
k = 1, . . . , 2m. Then the system (1.1) has the R-differentiable autonomous first integral 

2m+l 

F: w -» Yl (is 6 j) he for all wen, $7 C D(F), (1.6) 
0=1 

2m+l 

where hi, ... , /i2m+i is a nontrivial solution to the system Y Xg hg = 0, k = 1, . . . , 2m, 

9=1 

and Xg are the eigenvalues of the matrices A k , k = 1, . . . , 2m, corresponding to the common 
eigenvectors u e , 6 = 1,..., 2m + 1. 

Proof. Suppose v e are common eigenvectors of the matrices A k corresponding to the 
eigenvalues Xg, k = 1, . . . , 2m, 9 = 1, . . . , 2m + 1, respectively. By lemma 1.1, it follows that 
the M-linear functions w — > v e j for all w £ C n , 9 = 1,... ,2m + 1 are partial integrals of 
the system of equations in total differentials (1.1). Hence, 

lk v Q 1 = \ k e v Q 1 for all w G C n , fc=l,...,2m, 9 = 1, . . . , 2m + 1. (1.7) 

We form the function 

2m+l 

F:w^ Yl (A)^ for all w G Q, SlcC, 
6=1 

where Q is a domain (open arcwise connected set) in C n and hg, 9 = 1, . . . ,2m + 1 are 

2m+l 

complex numbers with Yl \hg\ ^= 0. The Lie derivative of F by virtue of (1.1) is equal to 

0=1 

2m+l 2m+l 2m+l 

h F (w) = Yl ( A)^ 1 E ^ II (^) h A for a** e ft, fc = 1, . . . , 2m. 

0=1 9=1 i=i,i^e 

Using (1.7), we get 

2m+l 

t k F(w) = ^2 XghgF(w) for all w G 0, k = 1, . . . ,2m. 
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2m+l 

If ^2 ^ghe = 0, k = 1, . . . 2m, then the function (1.6) is an autonomous R-differentiable 
0=1 

first integral of the system in total differentials (1.1). I 

Corollary 1.1. Let u d be common eigenvectors of the matrices corresponding to the 
eigenvalues Xg, k = 1, . . . , 2m, 9 = 1,..., 2m + 1, respectively. Then the system of equations 
in total differentials (1.1) /*as i/*e M.-differentiable autonomous first integral 

*i 2 ...2m(2m+i) = «> - II ( A) 9 (^ 2m+1 7) /or a/f «7 e fi, C D(F 12 . 

..2m(2m+l)^! 

0=1 

where the determinants 5$, 9 = 1, . . . ,2m are obtained by replacing the 9-th column of the 
determinant 5 = |A^| by colon(A2 m+1 , • • ., ^Im+i) > respectively. 

For example, the M-linear autonomous system of equations in total differentials 

dwi = (2w\ — i(w2 + wi) + (1 — i)w2)dz + (wi + (2 — i)(w2 + wi) + (1 — i)w2)dz, 

(1.8) 

dw2 = — ((2 + i)(wi + W2) + iw2)dz — [i(w\ + ^2) + (i — 1)^2)^2 
has the commuting matrices 

2 -2-i 2 + i 

and ^2 



— i — i 1 + i i 
-i Oli 
1-i -2-i 2 + i 1 + i 



1 -i 

2-i 1-i 

2-i 

1 — i —i 



1 

1 + i 
2 

i 





-2 + i 
-2 + i 

i 



Therefore the system of equations in total differentials (1.8) is completely solvable. 



The matrices A\ and A2 have the eigenvalues \\ = 1 + i, X\ 



i, A! = 1, X\ 



and X\ = i, \\ = 1 — i, A3 = 2, X\ = 1 corresponding to the eigenvectors v l = (0, 1, 1, 1), 
v 2 = (1,1,0,1), v 3 = (0,1, 1,0), z/ = (1,0,0, 1), respectively. 
The solution to the linear homogeneous system 

J (1 + i)hi -ih 2 + h 3 = 0, ( hx = - (1 + i)h 3 , 

\ ih x + (1 - i)h 2 + 2h 3 = \ h 2 = - (2 + i)/i 3 

is foi = 1 + i, h,2 = 2 + i, h 3 = — 1. 

The M-differentiable function (by Theorem 1.1) 



777^ 2+i 



F: 10 



(^2 + Wl + W2) +l (wi +W2+ W 2 ) 
W 2 + Wl 



for all w & Q, 



(1.9) 



where a domain d {w: W2 + w\^ 0}, is an autonomous first integral of the system (1.8). 

The M-differentiable first integral (1.9) is an autonomous general integral of the completely 
solvable system of equations in total differentials (1.8). 

From the entire set of ordinary differential systems induced by the completely solvable 
system of equations in total differentials (1.1), we extract system 

dw T = X TC (w)dz c + X TjTn+c (w) dz c , r = 1, ...,n, (e {1,... ,m} (1-1-C) 

such that the matrix A^ has the smallest number of elementary divisors [64, p. 147]. 

Definition 1.1. Let v 01 be an eigenvector of the matrix A^ corresponding to the eigen- 
value X^ with elementary divisor of multiplicity S{. A non-zero vector u vl £ C 2n is called a 
generalized eigenvector of order rj for X*} if and only if 

(A( — X'jE) j/> = 77 • z/7 -1 , n = l,..., Sl -l, (1.10) 
where E is the 2n x 2n identity matrix. 
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Using Lemma 1.1 and (1.10), we obtain 
fc z,°' 7 = \< !/« 7j y c i/^7 = Af i/^ + t/i/"- 1 -^ for all 7VJ € <C n , »j = 1, . . . ,sj - 1. (1.11) 
The following lemmas are needed for the sequel. 

Lemma 1.2. Lei f ' 6e a common eigenvector of the matrices corresponding to 
the eigenvalues \f, k = 1, ...,2m, respectively. Let v vl , r\ = 1, . . . , — 1 6e generalized 
eigenvectors of the matrix Aq corresponding to the eigenvalue A^ with elementary divisor of 
multiplicity si (si ^ 2). If the system (1.1. C) hasn't the first integrals 

F kr,l :w ^tkV C vl W for all wen, fc = l,...,2m, fc^C. r? = 1, . . . , ^ - 1, (1.12) 

f/ien 

1 /or all w E Q, rj = 1, 



(1.13) 

for all tiieU, 77 = 2, . . . , sj — 1, 



?fc *^(^) = = const for all we^, fe = l,...,2m, fc 7^ C> = 1, . . . , — 1, 

C 



where : f2 — > C, 77 = 1, . . . , s/ — 1 is a solution to the system 



v 

^"'7 = E(ri)^H^' ? "^7, r/=l,..., S/ -l, !lc{rA/0}. (1.14) 
5=1 

Proof. The system (1.14) has the determinant (i/ oi 7) Si_1 . Therefore there exists the 
solution 77 = 1, . . . , — 1 on a domain fi C {?x> : z^ W 7 7^ 0} of the system (1.14). 
The proof of the lemma is by induction on rj. 
For 77 = 1 and 77 = 2, the assertion (1.13) follows from (1.11). 
Assume that (1.13) for 77 = 1, ...,£ — 1 is true. Using (1.11) and (1.14), we get 

h <A = Af £ ^-''S + (e - 1) £ (S:?) «4M ^- m 7 + 

5=1 5=1 

+ i/ e-1 ' J 7 + i/ w 7 f^^M for all well. 

Combining (1.14) for 77 = e — 1 and 77 = e, (1.11) for 77 = e, and zv W 7 ^ in C n , 
we obtain ^ ^^(w) = for all w £ ft. So by the principle of mathematical induction, the 
statement (1.13) is true for every 77 = 1, . . . , si — 1 and ( G {1, . . . , m}. 

Taking into account (1.4) and (1.12), we have the statement (1.13) is true for k 7^ £. ■ 

Lemma 1.3 Under the conditions of Lemma 1.2, we /lawe 
»? 

?fc^7 = E(?)' u ^ z/,? " <5 '^ forallwen, k = 1, . . . , 2m, 77 = 1, . . . , a, - 1, (1.15) 
5=0 

tu/iere = Af , //*f = y fc #^(w), 77 = 1, . . . , s t - 1, fe = 1, . . . ,2m. 

Proof. The proof of Lemma 1.3 is by induction on 77. 
Let 77 = 1. Using (1.14), we get 



v 



ll 1 = ^ C n (w) ■ i/ (M 7 for all w G SI, nc{w: u ol j / 0}. (1.16) 



Then 

, 11 _ VTfC ( n .,\ ,,(M„, 1 ,TrC c.a ,,o«. 



Pfc^ 7 = U^u(w) ■ v 7 + ^u( w ) ■ U v *7 for all w £ Q, k = 1, . . . ,2m. 
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Taking into account Lemma 1.1, Lemma 1.2 and (1.16),we obtain 

t k v 11 j = ■ v ol 7 + $ ¥ u (w) ■ u ol 7 = $ • + $ ■ u 0l j, k = 1, . . . , 2m, 

where ^ = Xf, ffc ^^(w) = k = 1, . . . , 2m. So (1.15) for r\ = 1 is true. 

Suppose that the assertion of the lemma is valid for r] = 1, . . . , e — 1. From (1.14), we get 

e e 

W el l = EG^i) ft^W^^ + Ed-i) 4Wft^" ij 7 for all wen,k = l,...,2m. 
6=1 6=1 

By the induction hypothesis, we have 

?*^7 = EH • + EK) • EM • ^-'-"^ = 

<5=1 5=1 x=0 

= EG:!) • " e -^ + E( £ ") • ErA 1 ) ■ = 

5=1 ct=0 /3=1 

= Ea:D^- £ -^+E(^V5- £ - a ^ = 

5=1 o=0 

= EG:i) mJ? • - £ -^7 + ft ■ + /# • ^7 + EC* 1 ) /# • ^ = 

5=1 5=1 

= /# • ^7 + EG) /# • ^7 + /4 C • = EG) $ ■ - £ ~ S '^ k = 1,. . . , 2m. 
6=1 5=0 

Thus by the principle of induction, the statement (1.15) is true for r\ = 1, . . . , si — 1. ■ 

Theorem 1.2. Lei i/ie assumptions of Lemma 1.2 Z = 1, . . . r ( ^ sz ^ m+l) fcoZd. 
Tfcen i/ie completely solvable system (1.1) /ias i/ie autonomous first integral 

a £5 

F: w-» JJ^^^expE ^*SeH for all w £ n, ficD(F), (1.17) 

where Yl £ £, = 2m — a + 1, eg ^ sg— 1, £ = 1, . . . , a, a ^ r, and <? = 0, . . . , eg, £=1, . . . ,a 
i 1 

is a nontrivial solution to the linear homogeneous algebraic system of equations 

a £5 

E( A f V + E l\k h ti) = °> * = 1, • • • , 2m. 

€=1 9=1 

Proof. The Lie derivative of (1.17) by virtue of (1.1) is equal to 

a £ i 

ffe F(w) = E( A f% + E V k qj h rt) F ( w ) for all w € ft, fc = 1, . . . , 2m. 



5=1 



If J2 (Af/io? + £ Vqjhqt) =0, fc = 1, ... ,2m, then the M-differentiable function (1.17) 

5=1 9=1 

is an autonomous first integral of the completely solvable system (1.1). I 
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As an example, the completely solvable M-linear system of equations in total differentials 

dw\ = ((1 + i)w\ + iw 2 — w\— w 2 )dz + (w\ + iw 2 —Wi — w 2 )d~z, 

dw 2 = (w 2 + wi + w 2 )dz + ((1 - i)w2 + wi + w 2 )dz, (1-18) 

dws = ( — wi + w 2 + W3 — iw 2 )dz + ( — w\ + w 2 + (1 — i)u>3 — iw 2 )d~z 

has two eigenvalues: \\ = l + i with elementary divisor (A 1 — 1— i) 3 and A2 = 1 with elementary 
divisor (A 1 —!) 3 . The X\ = l + i corresponding to the eigenvector u 01 = (1, 1, 0, 0, 0, 0) and to 
the generalized eigenvectors is 11 = (0, 0, 0, 0, 1, 0), u 21 = (0, 1, 0, 0, 0, 1). The eigenvalue A2 = 1 
corresponding to the u 02 = (0,0,0,1,1,0), u 12 = (0,1,0,0,0,0), v 22 = (0,0,1,0,1,0). 
The scalar functions (see (1.14)) 

w 1 +w 2 (w 1 +w 2 ) z 
where f2 C {w : w\ + w 2 7^ 0} C C 3 . The IR-differentiable first integrals (by Theorem 1.2) 

Fi : w *2i(^) for a11 w e n (1-19) 

and 

F 2 : w -» Wl expfi ^ 2 ) for all w G ft (1.20) 

are an autonomous general integral of the system of equations in total differentials (1.18). 
1.1.3. Nonautonomous M-differentiable first integrals 

Theorem 1.3. Suppose v is a common eigenvector of the matrices corresponding to 
the eigenvalues X k , k = l,...,2m, respectively. Then the M>-differentiable function 

F : (z, w) -» (1/7) exp ( - j^fizj + A ™ +j f or aU ( z > w ) G C ™ +n 

is a first integral of the system of equations in total differentials (1.1). 

Proof. Using Lemma 1.1, we obtain XkF(z, w) = for all (z, iu) G C m+n , fc = 1, . . . , 2m, 
where the linear nonautonomous differential operators 

Xj(z,w) = d Zj +tj(w), X m+j (z,w) = <9_. +£ m+j (w) for all (z,w)eC m+n ,j = l,...,mM 

Consider the system (1.8). Using the eigenvector v 1 = (0,1,1,1) corresponding to the 
eigenvalues \\ = \ + i and A 2 = i, we can build the first integral (by Theorem 1.3) 

F: (z, w) — > (w 2 +w± + w 2 ) exp( — (1 + i)z — i~z) for all (z, w) G C 3 . (1.21) 

The first integrals (1.9) and (1.21) are a general integral of the system (1.8). 

Theorem 1.4. Suppose the system (1.1) satisfies the conditions of Lemma 1.2. Then the 
completely solvable system (1.1) has the R-differentiable first integrals 

m 

F v : (z, w) - tf^u,) - J^/i^ + /or all (z,w) G G, r? = 1, . . . , Sl - 1, (1.22) 

where a domain G C C m+n , the functions are i/ie solution to system (1.14), the numbers 
/i5 = f fe *^H, r? = l,...,s;-l, fc = l,...,2m. 

Proof. The Lie derivative of (1-22) by virtue of (1.1) is 

X k F n (z,w) = - n k v \ +Pk^i(w) for all (z, w) G G, fc = l,...,2m, 77 = 1, . . . , s; - 1. 
Taking into account Lemma 1.2, we get the functions (1-22) are first integrals of (l.l).B 
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For example, the system (1.18) has the numbers fi\\ = 1, fif\ = 1, and the first integral 
F: (z,w) — > z — z for all (z, w) G C x Q, (by Theorem 1.4). 

Wi + W 2 

The M-differentiable first integrals (1.19), (1.20), and F are a general integral on a domain 
C x Q of the system (1.18), where a domain f2 C {w : w i + W2 ^ 0}. 

1.2. M-linear nonhomogeneous systems in total differentials 

Let us consider a nonhomogeneous system of equations in total differentials 

m 

dw = J2(( B J 7 + fj(z)) dzj + (B m+j 7 + f m+] (z)) dzj) (1.23) 
i=i 

corresponding to the M-linear homogeneous system (1.1), where the matrices B±, . . . , Bi m 
are transpose of A\, . . . , A^m-, respectively, and the vector functions 

f k :z^ colon(/ fc i(z), . . . , f kn {z)) for all z £ V, k = 1, . . . , 2m 

are continuously R-differentiable on a domain V C C m . 

The Frobenius conditions for the total solvability of system of equations in total differen- 
tials (1-23) are the relations (1.4) and 

d Z] f{z) + B c P(z)=d ZQ P(z)+B 3 f(z) forallzGV, j,( = h---,m, 
9-. fm+C {z) + B m+c f™+i (z) = d- z J m +i (z) + B m+j f m +i (z) for all z G V, j, C = 1, . . . , m, 

d Zj / m+C (z) + B m+( P (z) = d- ZQ P (z) + Bj f m+ t (z) for all z G V, j, C = 1, ■ ■ ■ , m, 
where the vector functions 

/J:z^(X)lon(/ji(^),...,/j n («),7 rr ^j,i(2),---,7m+j,n(«)) fora11 zey > j = l,...,m, 
fm+j . z _^ colon(/ m+ji i(z), . . . , /m+j,n(^),7jl(«)> ■ ■ ■ Jjn(z)) f «r all Z G V, J = 1, . . . , m. 

Theorem 1.5. Let the assumptions of Lemma 1.2 hold. Then the completely solvable 
system of equations in total differentials (1.23) has the first integrals 

v 

F v : (z,w) - ^ 7 ■ <p(z) ~ Y. K r-ii z ) ■ F T-iM ~ C v (z) 

r=l 

for all (z, w) G V X U, r] = 0, . . . , si - 1, ft C {u> : z/ w 7 ^ 0}, V CV, 
where the functions 

2m 



_ E^« n fc) forallzeV, u = (zi, . . . , z m , zi, . . . , z m ), 
k=l ' 

/2m , r)-T . 

£ ( Ui) /£r+i,l+EG) ^-^-i(^) r = 1, . . . = 1, . . 

k=i v 5=1 7 

/2m / ?? v 

^(z.^W-^)+E(r)^rf- C '^(4^ forallzeV,r) = 0,..., Sl -l 

k=l ^ r=l ' 

the numbers ^ = Xf , ^ = j fc *^(u;), r? = 1, . . . , si - 1, fc = 1, . . . , 2m. 



8 



V.N.Gorbuzov, A.F. Pranevich 



First integrals of linear differential systems 



2. First integrals of linear real systems in total differentials 
2.1. Linear real homogeneous systems in total differentials 

Consider an autonomous system of equations in total differentials 

dx = A(x)dt, (2.1) 

where x = (x±, . . . , x n ) G R n , t = (t±, . . . , t m ) G W 11 , the entries of the matrix A(x) = ||a^. (x)|| 
(with n rows and m columns) are linear homogeneous functions 

n 

a ij : x ~* Y %? X C for a11 x G RH ( a ijt G M ' £ = X ' • • • ' n > J = ■ ■ ■ ' m ' « = !,•••,"), 

and cfa = colon(ctei, . . . , dx n ) and eft = colon (cfti, dt m ) are vector columns. 

Assume that this system is completely solvable. The Frobenius condition [5, p. 19] for the 
total solvability of system (2.1) in terms of the Poisson brackets is given by the relations 

[p j (x),p< : (x)]=0 for all x GET, j = l,...,m, ( = l,...,m, (2.2) 

where the linear autonomous differential operators 

n 

Pj( x ) = Yl % ( x ^ d x x for a11 x € M ™' 3 = l,---,rn. 

i=i 

The Frobenius conditions (2.2) for system (2.1) are equivalent [60, p. 73]: 
A j A Ci =A c A j , j = l,...,m, ( = l,...,m, 
where Aj = ||o^.J|, j = 1, . . . ,m are real n xn matrices. 

2.1.1. Partial integrals. The complex-valued linear homogeneous function 

n 

p: x -»• ^ b^xt: for all x G R n (6 f € C, ^ = 1, . . . , n) 

is a partial integral of the system in total differentials (2.1) iff 

pj p(x) = X j p(x) for all x £ W 1 , A J ' £ C, j = 1, . . . , m. 

This system of identities is equivalent to the linear homogeneous system of equations 
[Aj — X>E^b = 0, j = 1, . . . , m, where E is the nxn identity matrix, b = colon(&i, . . . , b n ). 

The proof of the following statement is similar to that of Lemma 1.1. 

Lemma 2.1. Suppose v G C n is a common eigenvector of the matrices Aj, j = 1, . . . ,m. 
Then the linear function p: x — > ux for all x G W 1 is a partial integral of the system (2.1). 

The following properties are needed for the sequel. 

Property 2.1 ([11]). Suppose v = v + vi (y = Rev, v = Imu) is a common eigenvector 

* . ~ . * . ~ . 

of the matrices Aj corresponding to the eigenvalues X 3 = \ 3 + X 3 i ( X 3 = Re X 3 , X 3 = Im X 3 ) , 

j = 1, . . . , m, respectively. Then the real-valued function 

P: x — > (ux) 2 + (zat) 2 /or all x G M n 
is a partial integral of the system of equations in total differentials (2.1) and 

pjP(x) = 2 X 3 P(x) for all x G M n , j = 1, . . . , m. 
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Property 2.2 ([11])- Let v = v + v i be a common eigenvector of the matrices Aj cor- 

* . ~ . 

responding to the eigenvalues X J = \ J + A J i, j = 1, . . . ,m, respectively. Then 

ux ~ ■ * 
pj arctg — = A- 7 for all x G X, j = 1, . . . , m, lc{i: w/0). 

vx 

2.1.2. Autonomous first integrals. The proof of the following assertions is similar to 
those of Theorem 1.1 and Corollary 1.1. 

Theorem 2.1. Suppose u k are real common eigenvectors of the matrices Aj correspon- 
ding to the eigenvalues Al, j = 1, . . . , m, fe=l,...,m+l, respectively. Then the system of 
equations in total differentials (2.1) has the autonomous first integral 

m+l 

F: x ^ Yl\u k x\ hk forallxeX, lcD(F), 



k=l 



m+l 



where hi, ... , h m+ i is a real nontrivial solution to the system X^h/. = 0, j = 1, . . . , m. 

k=i 

Corollary 2.1. Let u k be real common eigenvectors of the matrices Aj corresponding to 
the eigenvalues \ J k , j = 1, . . . , m, fe = l,...,m + l, respectively. Then an autonomous first 
integral of the system of equations in total differentials (2.1) is the function 

tti k r Ak i +i i A 
Fi2...m(m+i) : [[\u x\ \u m+ x\ for all x G X, X C D(F 12 ... m(m+1) ), 

k=l 

where the determinants A^, k = 1, . . . ,m are obtained by replacing the k-th column of the 
determinant A = \\ J k \ by colon (A^ +1 , A™ +1 ) , respectively. 

As an example, the linear autonomous system of equations in total differentials 

dx\ = — x\ dt2, dx2 = 2(x3 + X4) dt\ + X2 dt2, 

dx3 = X2 dti + X4 dt2, dX4 = X2 dt\ + X3 dt2 



(2.3) 



has the commuting matrices 
Ai = 





11 

2 

2 



and A2 = 



10 
10 
1 
10 



Therefore the system of equations in total differentials (2.3) is completely solvable. 

The matrices A\ and A2 have the eigenvalues A} = —2, X\ = X\ = 0, A4 = 2, and X\ = 1, 
^2 = ^3 = — 1> A| = 1 corresponding to the eigenvectors v 1 = (0, —1, 1, 1), v 2 = (1,0,0,0), 
1/ 3 = (0,0, 1, - 1), z/ = (0, 1, 1, 1), respectively. 

The determinants 



A 



-2 
1 -1 



A 



12 



2, A n 



2 
1 -1 




-1 -1 



0, A 



2, 



A 



22 



21 



-2 2 
1 1 



-2 
1 -1 

-4. 



By Corollary 2.1 we have that the functionally independent functions 

(23 - X4) 2 



F ■ r 
123 



for all x G X 



(2.4) 



and 
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F U4 : x -» x\ (x 2 . - (x 3 + x 4 ) 2 ) 2 for all x£R 4 (2.5) 
are first integrals of the system (2.3), where a domain 1 C {x: ii / 0}. 

Theorem 2.2. Let v k = v k + u k i (this set hasn't complex conjugate vectors) be common 

complex eigenvectors of the matrices Aj corresponding to the eigenvalues \ 3 k = \ J k + A^. i 
j = 1, . . . , m, k = 1, . . . , s, s ^ (m + l)/2, respectively. Let v 6 be common real eigenvectors 
of Aj corresponding to the eigenvalues Ag, j = 1, . . . , m, 9 = s+l, ...,m+l — s. Then the 
system of equations in total differentials (2.1) has the autonomous first integral 

S TO+1 — S 

F:x^ Y[(P k (x)) hk exp( - 2h k ^(x)) [j \u e x\ he for all x G X, (2.6) 
k=i e=s+i 

where a domain X C D(F), the functions 

~ h 

* 2 2 V X 

Pk : x — > (i/ fe x) + (? fc x) /or a// x € M n , ^ : x — > arctg - — /or a// x E X, k = 1, . . . ,s, 

v k x 

* ~, 

and hk, h k , k = 1, . . . , s, hg, 9 = s + 1, . . . , m + 1 — s is a rea/ nontrivial solution to 

s m+1 — s 

k=i e=s+i 
Proof. Taking into account Property 2.1 and Lemma 2.1, we obtain 

Pj({p k x) 2 + (u k x) 2 ) =2*\{({v k x) 2 + (» k x) 2 ), j = l,...,m, k=l,...,s, 

(2.7) 

pj v e x = z^x for all x G M n , j = 1, . . . , m, 9 = s + 1, . . . , m + 1 - s. 
The Lie derivative of (2.6) by virtue of (2.1) is equal to 

(s * s s 

H(Pk(x)) hk ~ 1 exp(-2h k Mx)) Y,* hk II Pi(x)-pjPk(x) + 
k=l k=l l=\,l+k 

s * s x m+1— s 

+ H{P k (x)) hk exp(-2h k <p k (x)) ^ Pj (-2^^(x))j [] |i/x|^ + 
fc=i fc=i ' e=s+i 

s * m+1 — s 

+ n( p ^ x )) ?ifcex p(- 2 ^^(x)) n i^xi^- 1 . 

fc=l ' 0=S+1 

m+1— s m+1— s 

sgn (z/*x) /ie [ [ \v l x\ ■ pj (v 6 x) for all x G X, j = 1, . . . , m. 

e=s+i j=s+i,z^0 

Using Property 2.2 and (2.7), we get 

(s m+1— s \ 

J2 2 C>i hk - K h k ) + Yl X l hd ) F ^ for a11 x e X ' J = 1) • • • > m - 
fc=l 0=s+l ' 

s * . * „ . „ m+1— s 

If 2 (A^/ife - A-^/ifc) + Z Khe = 0, j = 1, ...,m, then the function (2.6) is an 

fc=l 6»=s+l 

autonomous first integral of the system of equations in total differentials (2.1). ■ 
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For example, the completely solvable linear system of total differential equations 

dx\ = x\ dt\ + x 2 dt 2 , dx2 = X2 dt\ — x\ dt 2l dx% = x 3 dt\ — x 3 dt 2 (2-8) 

has the eigenvalues X\ = X 2 = A3 = 1, \\ = — i, X 2 = i, A§ = — 1 corresponding to the 
eigenvectors u 1 = 0), v 2 = (1, — «,0), v 3 = (0,0,1), respectively. According to Theo- 
rem 2.2, we can construct the autonomous first integral of the system (2.8): 

F:x^ Xl \ X2 exp(2arctg — ) for all x G X, X C {x : xi + 0, x 3 + 0}. (2.9) 

Theorem 2.3. Suppose v T = v T + v T i, v s+T = u T — V T i, r = 1, . . . , s, s ^ m/2, and 
^25+1 _ ^2s+i _|_ ~2s+i ^ arg common complex eigenvectors of the matrices Aj corresponding 

to the eigenvalues \{ = \{ + A T i, Ag +T = At — A t i, t = 1, . . . , s, A2 S+1 = A 2s+ i + -^L+i 
j = 1, . . . ,m, respectively. Let u 9 be common real eigenvectors of Aj corresponding to the 
eigenvalues Ay, j = 1, . . . , m, 6 = 2s + 2, . . . , m + 1, respectively. Then the system of equa- 
tions in total differentials (2.1) has the autonomous first integrals 



s * * 

F 1 : x^ ]](P k (x)) hk+hs+k e W (-2(h k -h s+k )v k (x)y 
k=i 

* m+l » 

•(P 2s+1 (x)) fas+1 exp(-2/i 2s+lr , 2s+1 (x)) [] (u 9 x) 2h0 for all x e% 



(2.10) 



0=2s+2 



and 



s _ _ 

F 2 : [J(P fe (x))^ s+fc exp(2 (fa - L+fc)^)) ■ 
fc=i 

m+l 

•(P 2s+ i(x)) fe2s+1 exp^2/i 2s+ i (/? 2s +i(x)^ (u e x) 2he forallxeX, 

e=2s+2 

where a domain X C D(-Fi) n D(i^), the functions 

P k : x ^ {t k x) 2 + (u k x) 2 forallxeW 1 , k = 1, . . . , s, 2s + 1, 
z? fc x 



(2.11) 



tp k : x ^ arctg — — /or all x £ X, k = 1, . . . , s, 2s + 1, 

m+l 



V k X 



and h k = h k + h k i, k = 1, . . . ,m + l is a nontrivial solution to Yl ^ k h k = 0, j = 1, . . . , m. 

k=i 

Proof. We form two complex-valued functions 

2s m+l 

£ : x _> J](^x) /lfe (^ s+1 x) 7128+1 [] (lAr)* 6 for all x € X 

fc=l 0=2s+2 



and 



2s m+l 

x JJ (^+T X )'^ + 1 J-J (^fc for ^ x G X; 



k=l 0=2s+2 



where a domain X C W 1 and h k , l k , k = 1, . . . , m + 1 are complex numbers. 
Using Lemma 2.1, we get 
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m+l 

pj F(x) = ^ k F( x ) f° r all x € X, j = 1, . . . , m, 

fc=i 

(2s m+l \ 

^ AfeZfe + X 3 2s+1 hs+i + ^ 1^0*0 for all x £ X, j = l,...,m. 

k=l 0=2s+2 ' 

* ~ m+l 

Let hk = hk + hki, k = l, . . . , m + l be a nontrivial solution to ^ A^/ifc = 0, j = 1, . . . , m. 

fc=i 

* , — - * — - * — • 

Then Zfc = h s +k — h s+ k ^ h+k = hk — hkh k = l,... ,s, l 2s +i = /i2s+i — ^2s+i i, h = he — he i, 

2s — : m+l 

9 = 2s + 2, . . . , m + 1 is a solution to ^ \{h + X 2s+1 fes+i + \ 3 lo = 0, j = 1, . . . ,m 

fe=l 6»=2s+2 

and the functions F: X ^ C, F: X ^ C are first integrals of the system (2.1). 

Since F\ = FF and F 2 = (F/Fy, we see that the functions (2.10) and (211) are 
autonomous first integrals of the system of equations in total differentials (2.1). ■ 

In particular, the completely solvable linear system of total differential equations 
dx\ = x\ dt\ + X3 dt 2 , dx2 = — x 2 dt\ + X4 dt 2 , 

(2.12) 

dx$ = X3 dti — x\ dt 2 , dx4 = — X4 dt\ — x 2 dt 2 

has the eigenvalues X\ = X\ = — 1, A3 = X\ = 1, \\ = A3 = —i, X 2 = X\ = i corresponding 
to the linearly independent eigenvectors u 1 = (0, — i, 0, 1), v 2 = (0, i, 0, 1), u 3 = ( — i, 0, 1, 0), 
and ^ 4 = (i, 0,1,0), respectively. The functions (by Theorem 2.3) 

F 1 : x -> XlX2 + X3X4 for all x e X, F 2 : x -> (x? + x|)(x§ + x2) for all x € M 4 (2.13) 
X1X4 - x 2 x 3 

are first integrals of the system (2.12), where a domain X C {x: X1X4 — X2X3 7^ 0} C M 4 . 

Prom the entire set of ordinary differential systems induced by the completely solvable 
system of equations in total differentials (2.1), we extract system 

dx = A c -{x)dt c , A c -(x) = colon(ai C (x),. . . ,a„ c (x)) for all x G W 1 , (2.1. C) 

such that the matrix has the smallest number of elementary divisors. 

Definition 2.1. Let v 01 be an eigenvector of the matrix A^ corresponding to the eigen- 
value X^ with elementary divisor of multiplicity s;. A non-zero vector u m € C n is called a 
generalized eigenvector of order 6 for X^ if and only if 

(A c - Af E) v m = 9 ■ is 6 ' 1 ' 1 , 9 = l,...,si-l, (2.14) 

where E is the n x n identity matrix. 
Using Lemma 2.1 and (2.14), we obtain 

p c u oi x = x\ v ^x, p c u 0l x = \\u m x + ev e -^ l x forallxGE™, 9 = 1, . . . , si - 1. (2.15) 

The following lemmas are needed for the sequel. 

Lemma 2.2. Let is 01 be a common eigenvector of the matrices Aj corresponding to 
the eigenvalues Xj, j = l,...,m, respectively. Let 9 = 1, — 1 be generalized 

eigenvectors of the matrix Aq corresponding to the eigenvalue X^ with elementary divisor of 
multiplicity s/ (s/ ^ 2). If the system (2.1-C) hasn't the first integrals 

F jhl : x -^Pi v ei( x ) for all x j = 1, . . . , m, j ^ (, 9 = 1, . . . , s t - 1, (2.16) 
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then 

, 1 for all x G X, 9 = 1, 

for all xGX 9 = 2, . . . , s/ — 1, 

pj^(x) = ^ = const forallxeX, j = l,...,m, j ^ (, 9 = 1, . . . , s t - 1, 
where vi, : X — > R, = 1, . . . , s; — 1 is a solution to the system 



e 



v ei x 



Efc 1 )^^)^'" 5 '^ <9 = l,...,si-l, Xc{x:^x/0}. (2.17) 



5=1 

Lemma 2.3 Under the conditions of Lemma 2.2, we have 



PjU 0l x = J2Q fi K. J ,e-6,l x foraUx€ x, j = l,...,m, 9 = l,..., Sl -l, 
5=0 

where fi 3 Q j = X 3 , n 3 e \ = pj v C m (x), 9 = 1, . . . , s t - 1, j = l,...,m. 

Theorem 2.4. Lei i/ie assumptions of Lemma 2.2 with I = 1, . . . r ( ^s/^m + lj /ioW. 
T/ien i/ie completely solvable system (2.1) /ias i/ie autonomous first integral 

k 

F: x -» JJ^x)^ expJ2 h Q^( x ) f or all x £ X, X C D(F), 

€=1 9=1 

where Yl £ £ = m ~ k + ^ s^ — 1, £ = 1, . . . , k, k ^ r, and h q £, q = 0, . . . , e^, £ = 1, . . . , k 
is a nontrivial solution to the linear homogeneous algebraic system of equations 

k £f 

E(A| hot + ^2^qi h q^) = °> j' = l,---,m. 

e=i 9=1 

The completely solvable linear homogeneous system of total differential equations 
dxi = X2 dti + (2xi — X3) dt2, 
dx2 = (2^2 — X3 — X4) dt\ + ( — x\ + 2x2 + £4) d*2, 

(2.18) 

dX3 = (xi — X4) (fti + ( — Xi + 3X3 + X4) 

dx^ = ( — xi + 2x3 + 2x4) dt\ + (X2 — 3x3 + £4) 

has the eigenvalue \\ = 1 with elementary divisor (A 1 — l) 4 corresponding to the eigenvector 
v = ( — 1, 1, — 1, 0) and to the generalized eigenvectors i/ 1 = (1,0, — 1, — 1), v 2 = (1, — 1, 3, 0), 
i/3 = ( - 3, 0, 9, 9). The functions (see (2.17)) 

vh : x — > — — for all x € X, 

- Xl + x 2 - x 3 



i> 01 : x 



, ( - Xl +x 2 - x 3 )(xi - x 2 + 3x 3 ) - (xi - x 3 - x 4 ) 2 , 

: x — > j for all x G X, (2.19) 

(-X1+X2-X3) 2 

1 



(( - 3xi + 9x 3 + 9x 4 )( - xi + x 2 - x 3 ) 2 - 



31 ' (-X1+X2-X3) 3 
— 3( — xi + X2 — X3)(xi — X3 — X4)(xi — X2 + 3x3) + 2(xi — X3 — X4) 3 ) for all x G X, 
where a domain X C {x : x\ — xi + X3 7^ 0}. 
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Autonomous first integrals of the system (2.18) are the functions (by Theorem 2.4) 
F 1 : x -»• v^(x), F 2 : x -> ( - xi + x 2 - x 3 ) 2 exp( - 2v{ 1 (x) - v^x)) for all x G X.(2.20) 

In the complex case, we shall have two logical possibilities: 

fc 

1. Any function from the set V = {v°^x, v^Jx) :q=l, . . . £ = 1, . . . , k, ^e^ = m — k+\} 

has the complex conjugate function in the set V. 

2. At least one function from the set V has not the complex conjugate function in the V. 
Case 1. The completely solvable system (2.1) has the autonomous first integral 

F: x _> fj((^x) 2 + (uKx) 2 )** exp( - 2% arctg |^ + 

£ =1 V I^X 

+ 2 ^ t^(x) - htf v£(x))) H\v oe x\ hoe exp ^ hqg v^{x) for all x € X, X C D(F), 

9=1 6»=1 q=l 

where h q £, h q £, q = 0, . . . , eg, £ = 1, . . . , ki, h q g, q = 0, . . . , eg, 9 = 1, . . . , k 2 is a real non- 
trivial solution to the linear homogeneous algebraic system of equations 

fci ££ fc 2 

2 E((^^- A lv) + E(^^-^v))+E( A >o^+E4v)=o, j = i,...,m. 

g=l <?=1 61=1 g=l 

Here i/ ^ = v°Z + v °^ i are complex common eigenvectors of the matrices Aj correspond- 
ing to the eigenvalues A| = A| + i, j = 1, . . . , m, £ = 1, . . . , fei, respectively; v are real 
common eigenvectors of Aj corresponding to the eigenvalues A^, j = 1, . . . , m, 9 = 1, . . . , k 2 , 
respectively; the functions v q^ = v qf^ q \h v q$ 1S the solution to the system(2.17); the numbers 

= p j Rev C q( = p j i^, jl J J = p j Tmv^ = p j v^, q = l,...,e ( , £=l,...,fci, 

^ q e = Pj v ie^ g = 1, • • • , £6», = l,...,k 2 , j = l,...,m; 

fcl k'2 

the numbers e^, e# such that 2 ^ eg + ]T] eg = "i — 2fci — k 2 + l with 2k\+k 2 ^ r, e^ ^ s^— 1, 

£=1 0=1 

£ = 1, . . . , ki, eg ^ s# — 1) Q = 1) ■ ■ ■ , k 2 , where k\ is a number of complex common eigenvec- 
tors (this set hasn't complex conjugate vectors) of the matrices Aj and k 2 is a number of 
real common eigenvectors of the matrices Aj, j = 1, . . . , m. 

For example, the completely solvable system of total differential equations 

dxi = (3, -4, 4, 1, 0, 2)x dti + (0, -4, 2, 1, -1, l)x dt 2 - (3, -2, 4, 3, 0, 2)x dt 3 , 

dx 2 = - (l,-3,3,0,2,3)xrfti + (1,3,0,0, \,-\)xdt 2 + (2, -3, 3, 3, -1, 2)xdt 3 , (2.21) 

dx 3 = - (3, -5, 5, 1, 2, 4)x dti - (0, -6, 2, 1, -2, l)xdt 2 + (3, -3, 5, 4, 0, 2)x dt 3 , 

dx 4 = (3,-6,4,4,-l,5)xdti + (2, -6, 2, 3, -4, 2)xdt 2 - (3, -2,6,4, 1, l)xdi 3 , 

dx 5 = (5, -5, 8, 3, 3, 6)x dti + (1, -6, 3, 2, -2, 2)x di 2 - (3, -3, 6, 4, 1, 2)x dt 3 , 

dx 6 = -(2, -5, 4, 3,-1, 2)x dti - (2, -4,3,3, -2, 2)xrft 2 + (2, -1, 4, 2, 1, 0)xdi 3 

has the eigenvalue A{ = 1 + 2i with elementary divisor (A 1 — 1 — 2i) 3 corresponding to the 
eigenvector v = (1, 0, 1 + 1, i, 1) and to the generalized eigenvectors i/ 1 = (1, 1 + i, 0, 0, i, z), 
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v 2 = (2 + 2i, 0, 2 + 2i, 0, 2i, 2i). The scalar functions of the vector argument 

Uii : x -»■ ((xi + x 2 )(xi + x 3 + x 4 + x 6 ) + (x 3 + x 5 )(x 2 + x 5 + x e ))/P(x), 
vl-y : x -> ((xi + x 3 + x 4 + x 6 )(x 2 + x 5 + x 6 ) - (xi + x 2 )(x 3 + x 5 ))/P(x), 

^21 : X ~* + Z 3 + ^4 + X 6 )(x 2 + X 5 + X 6 ) - (Xi + X 2 )(x 3 + X 5 )) 2 + 

+ 2P(x)((xi + x 3 )(xi + x 3 + x 4 + x 6 ) + (x 3 + x 5 )(xi + x 3 + x 5 + x 6 )) - 
- ((xi + x 2 )(xi + x 3 + x 4 + x 6 ) + (x 3 + x 5 )(x 2 + x 5 + x 6 )) 2 )/-P(x), (2.22) 



"21 1 X 



2(P(x)((xi + x 3 + x 4 + x 6 )(xi + x 3 + x 5 + x 6 ) - (xi + x 3 )(x 3 + x 5 )) + 



+ ((x 3 + x 5 )(xi + x 2 ) - (xi + x 3 + x 4 + x 6 )(x 2 + x 5 + x 6 )) • 
•((xi + x 2 )(xi + x 3 + x 4 + x 6 ) + (x 3 + x 5 )(x 2 + x 5 + x 6 )))/P(x) for all x G X, 
where a domain X C {x: X\ + x 3 + x 4 + xq ^ 0}, the polynomial 

P: x -> (xi +x 3 + x 4 + x 6 ) 2 + (x 3 + x 5 ) 2 forallxGM 6 . (2.23) 
Autonomous first integrals of the system (2.21) are the functions 

Fi : x -» P(x) exp( - 4<^(x) + 6^(1) +2? 1 1 1 (x)) for all x G X, (2.24) 

F 2 : x -> P 2 (x) exp( - 2^(x) + ^(x) - ^(x)) for all x G X, (2.25) 

F 3 : x -» 2 v-^ (x) - 2 v 2 \ (x) - ^ (x) for all x G X, (2.26) 

where 

ip: x —> arctg X3 — X5 for all x G X. (2.27) 

Xl + x 3 + x 4 + x 6 

Case 2A. A common complex eigenvector of the matrices Aj,j = l, ... ,m hasn't the com- 
plex conjugate vector. First integrals of the completely solvable system (2.1) are the functions 



F 1 :x^l[(Ps(x)) hoi+ho >^ + V exp(-2( V- + 

9=1 

• exp( - 2/j 0j(2fcl+1) (/3 2fcl+1 (x)) • J|(z/ oe x) 2/109 exp(2^/^ e ^(x)) for all x G X, 



fci _ _ 

F2: x - n( P 5(^))^ +V(fel+ ° exp (2(^ - fto )(fcl+f) ) ^(x) + 
5=1 

+ 2 + V (fcl+€) ) + h q , (kl+0 ) v^x)))(P 2kl+1 (x))~ ho ^ ■ 

q=l 

•exp^2^ 0j(2fcl+1) 93 2fel+ i(x)) • ]J(z/ 09 x) 2/108 exp^2^ h q0 v£ e (xf) for all x G X, 

9=1 g=l 
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where a domain X C D(Pi) n D(P 2 ), the functions 

Pg : x -» (u °«x) 2 + (?°«x) 2 for all x G M n , £ = 1, ■ ■ ■ , h, 2fci + 1, 
?°^x 

: x — > arctg for all x G X, £ = 1, . . . , fei, 2k\ + 1, 

z^°£x 

and h q £ = h q £ + h q £ i, h q g = h q e + h q e i is a nontrivial solution to the system 

2fei £5 k 2 e e 

Y ( x l h ot + Y Vtf h rt) + A k+i /l o,(2fc 1 +i) + Y ( x e h oe +Y ^5 V) = °> j = 1, ■ ■ ■ , m. 

£=1 g=l 0=1 g=l 

Here iA = ^,(fe 1+5 ) = ^ ^0,(2^+1) = * 0,(2^+1) + ~ 0,(2^+1) i are comp ^ x 

eigenvectors of the matrices Aj corresponding to the eigenvalues X^ = A| + A| i, = A|, 

£ = 1, . . . , fei, A2 fcl+1 = A2fc 1+ i + A 2fci+i i = 1' • • • ) m i respectively; are real common 
eigenvectors of A,- corresponding to the eigenvalues Ag, j = 1, . . . , m, = 1, . . . , fe 2 , respec- 
tively; the functions = + v q ^i, v^ e is the solution to the system (2.17); the numbers 

tit = Pi "£0*0. Hi = Re ^i' = Im ^i' 9 = !» • • • C = l,...,2fci, 

^0 = V^)' g = l,...,£0, = 1, ...,fe 2 , j = l,...,m; 

the numbers e^, eg such that 2 ^ £0 = m—2k\ — k 2 with 2fei+l+fe 2 ^ ^ s^— 1, 

5=1 0=1 

£ = 1, . . . , k±, eg ^ sq — 1, = 1, . . . , fc 2 , where fei is a number of complex common eigen- 
vectors (this set hasn't complex conjugate vectors) of the matrices Aj and fc 2 is a number 
of real common eigenvectors of the matrices Aj, j = 1, . . . , m. 

As an example, the completely solvable system of equations in total differentials 
dxi = (1, -2, 2, 0, 1, l)xdt! + (0, 2, 0, 0, 1, l)xrft 2 + (3, 0, 0, 0, -1, -l)xdt 3 + (1, -2, 4, 0, 2, 2)xdt A , 
dx 2 = (0, 2, -2, 0, -2, -2)xrfti - (1, 3, 0, 0, 1, l)xdt 2 + (-1, 2, 0, 0, 1, l)xrft 3 - (2, 1, 4, 0, 4, 4)xdi 4 , 
dx 3 = (0, 3, -2, 0, -2, -2)x dti - (1, 3, 1, 0, 2, 2)x dt 2 + 

+ (-2,-l,2,0,l,l)xdi 3 - (3,-2,7,0,5,5)xdi 4 , (2.28) 

dx 4 = x((0,-4, 0, 2,-2, 2)dh+ (2, 2, 0, 1, 0, 4)dt 2 + (1, 2,-2, 1,-1 ,-l)dt 3 + (3,-4, 10, 2, 7, 7)eZi 4 ) , 

dx 5 = (2, -3, 4, 2, 2, 4)xdti + (3, 3, 2, 2, 1, 4)xdt 2 + (2, 1, -1, 0, 0, -l)xdt 3 + (3, -2, 9, 0, 7, 5)xdi 4 , 

dx 6 = x(-(l -3, 2, 2,-1, l)^i - (2, 1, 2, 2, 1, 4)dt 2 + (-1,-1, 1,0, 1, 2)dt 3 - (-1,-4, 5, 0, 4, 2)dt 4 ) 

has the eigenvalue A* = 1+i with elementary divisor (A 1 — 1 — i) 2 corresponding to the eigen- 
vector v 01 = (1,1 + i, 0, 0, i, i) and to the generalized eigenvector v 11 = (1 + i, 0, 1 + i, 0, i, i) 
and the simple eigenvalue A2 = 2i with common eigenvector v 02 = (1, 0, 1 + i, 1, i, 1). 
The real- valued scalar functions 



*i (xi + x 2 )(xi + x 3 ) + (x 2 + x 5 + x 6 )(xi +x 3 + x 5 + x 6 ) 

v/i : x — > — — — — for all x G X, 

Pi[x) 

~i (»i + £2X^1 + ^3 + 2:5 + ^6) - (an + £3X^2 + x 5 + x 6 ) 

u,, : x — > for all x G X, 

Pi(x) 

where Pi : x — > (xi + x 2 ) 2 + (x 2 + x 5 + x 6 ) 2 for all x G M 6 . 

17 



(2.29) 



V.N.Gorbuzov, A.F. Pranevich 



First integrals of linear differential systems 



The autonomous general integral of the system (2.28) is the functions 
F^. P 1 (x)(P 2 (x)) 2 exp(-Wip 1 (x) + 8vl 1 (x) + 6vl 1 (x)) for all xGX (2.30) 

and 

F 2 : x -» (Pi(x)) 3 exp( - 10^i(x) - ±y 2 {x) + 12 v^x) + 14 ^(x)) for all x G X, (2.31) 
where a domain X C {x : x\ + x 2 / 0, xi + x 3 + X4 + X6 7^ 0}, the scalar functions 
P 2 : x — »■ (xi + x 3 + x 4 + x 6 ) 2 + (x 3 + x 5 ) 2 for all x G IR 6 , 

x 2 + x 5 + x 6 x 3 + x 5 

o9i : a; — > arctg , w 2 : x — > arctg lor all x G X. 

Xi + x 2 xi + x 3 + x 4 + x 6 

Case 2B. A function vf , 7G {1, . . . , k±}, I G {1, . . . , e 7 } hasn't the complex conjugate fun- 
ction. Autonomous first integrals of the completely solvable system (2.1) are the functions 

fei 



F i: x -» n(^(^))^ + "°' (fel+e) exp( - 2( V " V(*i-«)) + 
+ 2^(1 - <^<% 7 )((/^ + ^,(fc 1+ o) + ( h a,(MH) ~ h il) ^( x )) 



9=1 

fc2 * / eg k 

+ 2\J lh *v^{x)-h h vi i (x))) [](^x) 2 ' loe exp(2^^^(x)J for all x G X, 

9=1 ^ q=l ' 

and 

fci 



^ x - n(n(^))^ + "°' (fel+0 exp(2(Xoc " Jo.flh-K)) + 



+ 

9=1 

+ 2(i T ^(x) +^ 7 ^ C 7 (x))) Y[(is od x) 2hoe exp^f^ V^ e (x)] for all x G X, 

9=1 ^ g=l ' 

where a domain X C D(Fi) n D(F 2 ), 5 is the Kronecker delta, the functions 

P^-.x -» (^x) 2 + (?°«x) 2 for all x G M n , x -> arctg ^—^ for all x G X, f = 1, . . . , fci, 

z^°Sx 

* ~_ * ~ 

and = h q £ + i, = h q e + i is a nontrivial solution to the linear system 

2ki £5 fc 2 eg 

£ ( A f V + 2 " ^ fcl+7) /j «,(fci+7) + X] ( A e ^ + ^ A$ V) = 0, J = 1, • • • , m. 

£=1 g=l 0=1 g=l 

Here = zv°'( fcl +£) = zy0£ are com pi ex common eigenvectors of the matrices 

Aj corresponding to the eigenvalues A| = a| + A| i, A^ i+ £ = A|, j = 1, . . . , m, £ = 1, . . . , fci, 
respectively; v oe are real common eigenvectors of the matrices Aj corresponding to the 
eigenvalues A^, j = 1, . . . ,m, 9 = 1, . . . , k 2 , respectively; the functions = + i, v^ e 
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is the solution to the system (2.17); the numbers 

V J q l = Pj v tf( x ), Hi = Re ^gh Hi = Im Hh 9 = 1, • • • C = 1, • • • , 2fci, 
He = $i v ie( x )i q =1 ,---,£e, = l,...,k 2 , j = l,...,m; 

ki k2 

the numbers ££, Eg such that 2 Yl £ £+Yl £ = m ~ 2k\ — k 2 +2 with 2k\+k 2 ^ r, ^ s^ — 1, 

5=1 0=1 

£ = 1, . . . , k\, Eg ^ sg — 1, # = 1, . . . , k 2 , where k\ is a number of complex common eigen- 
vectors (this set hasn't complex conjugate vectors) of the matrices Aj and k 2 is a number 
of real common eigenvectors of the matrices Aj, j = 1, . . . , m. 

In particular, the completely solvable system of total differential equations 
dxi = (3, - 4, 4, 1,0, 2)x dti + (0, - 4, 2, 1, - 1, l)x dt 2 , 
dx 2 = ( - 1, 3, - 3, 0, - 2, - 3)x dh + (1, 3, 0, 0, 1, - l)x dt 2 , 

dx 3 = ( - 3, 5, - 5, - 1, - 2, - 4)x dh + (0, 6, - 2, - 1, 2, - l)x rft 2 , (2.32) 

dx 4 = (3, - 6,4,4, - l,5,)xrfti + (2, - 6,2,3, -4,2)xdt 2 , 

dx 5 = (5, - 5, 8, 3, 3, 6)x dh + (1, - 6, 3, 2, - 2, 2)x dt 2 , 

dx 6 = (- 2, 5, - 4, - 3, 1, - 2)x dt 1 + {- 2, 4, - 3, - 3, 2, - 2)x dt 2 

has the eigenvalue \\ = 1 + 2i with elementary divisor (A 1 — 1 — 2i) 3 corresponding to the 
eigenvector v 01 = (1, 0, 1, i, 1) and to the generalized eigenvectors v 11 = (1, 0, 0, i, i), 
v 21 = {2+2i, 0, 2+2i, 0, 2i, 2i). Autonomous first integrals of the system (2.32) are the functions 

Fx : x -» P(x) exp( - <p(x) - v^x)) for all x G X, (2.33) 

F 2 : x -> P(x) exp( - 2<p(x) + 2 v^x)) for all a; € X, (2.34) 

F 3 : x -» P 2 (x) exp ( - 2<^(x) - ^(x)) for all x € X, (2.35) 

and 

F4: x — > w 2 1 i( x ) f° r an ^ G X, X C {x: Xi + X3 + X4 + X6 / 0}, (2.36) 

where the functions v^, v^, v 21 , v 21 , P, and ip are given by (2.22), (2.23), and (2.27). 
Remark 2.1 Consider the completely solvable system of equations in total differentials 

dx\ = (2xi + X3) dh + (2xi + 3x 2 + 3x3) dt 2 , dx 2 = (xi + x 2 + X3) dti + 2x 2 dt 2 , 

(2.37) 

cix3 = — xi dti — (3x 2 + X3) dt 2 , dx± = X4 dt\ + (x 2 + X3 — X4) dt 2 . 

The matrices A\ and A 2 of (2.37) have the elementary divisors (A 1 — !) 2 , A 1 — !, A 1 — !, 
and A 2 — 2, A 2 — 2, (A 2 + l) 2 , respectively. Using the common eigenvector v 01 = (1,0, 1,0), 
generalized eigenvector v 11 = (0,1,0,0) of A\ and the common eigenvector v m = (0,1,1,0), 
generalized eigenvector v 13 = (0, 0, 0, 1) of the matrix A 2 , we can build the functions 

vh : x — ► — , v?q : x — > — for all x G X, X C {x : xi + X3 7^ 0, x 2 + X3 7^ 0}. 

The system (2.37) has the autonomous first integrals on a domain X: 

Fx : (t, x) -> (xi + x 3 )(x 2 + x 3 ) 2 exp( - 3^(0;)), F 2 : (t, x) -> X2 - X3 exp(3v 2 3 (x)). 
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2.1.3. Nonautonomous first integrals. 

Theorem 2.5. Suppose v is a real common eigenvector of the matrices Aj correspon- 
ding to the eigenvalues X 3 , j = 1, . . . , m, respectively. Then the scalar function 

F: (t, x) — > (vx) exp - Xi tj for all (t, x) G R n+m 

V j=1 J 

is a first integral of the linear system of equations in total differentials (2.1). 

Consider the system (2.3). Using the eigenvalues X\ = — 2, X\ = 1 corresponding to the 
common eigenvector v 1 = (0, —1, 1, 1) and the eigenvalues X\ = 0, A 2 = — 1 corresponding 
to the eigenvector v 2 = (1,0,0,0), we can build the first integrals of the system (2.3): 

Fi : (t,x) -> ( - x 2 + x 3 + x 4 )exp(2ti - t 2 ), F 2 : (t, x) -> xi cxp t 2 for all (t,x)el 6 . 

The functions F 2 , (2.4), and (2.5) are the general integral of the system (2.3). 

Corollary 2.2. Let v = v + vi (y = Rev, v = Imz/) 6e a common complex eigenvector 

* . ~ . * . ~ . 

o/ i/ie matrices Aj corresponding to the eigenvalues X 3 = X J + X 3 i (X 3 = Re X 3 , X 3 = ImX 3 ), 

j = 1, . . . ,m, respectively. Then the system (2.1) has the first integrals 



Fi : (t, x) -> ((^x) 2 + {Vx) 2 ) exp(-2j2 *X j tj) f or aU (*> x ) G Rn+m 



anc? 

z^x 

V X 



F 2 : (t,x) -> arctg -j^ - ^ A j i j /or a// (t,x) G D, D C 



For example, the completely solvable system (2.8) has the eigenvector z^ 1 = (1, i, 0) corres- 
ponding to the eigenvalues A} = 1, A 2 = — i and the first integrals (by Corollary 2.2) 

Fx : (t, x) -» (xf + xl) exp( - 2ti) for all (t, x) G R 5 , 
F 2 : (t, x) -» arctg — + t 2 for all (t, x) £ R 2 x 1, X C {x : xi + 0, x 3 ^ 0}. 

X\ 

The functionally independent first integrals (2.9), Fi, and F 2 are the general integral on 
a domain R 2 xl for the system of equations in total differentials (2.8). 

The completely solvable system (2.12) has the eigenvector u 1 = (0, —i, 0, 1) corresponding 
to the eigenvalues A{ = — 1 and X 2 = — i. The first integrals (2.13) and (by Corollary 2.2) 

Fx : (t, x) -» (x| + x|) exp(2ti) for all (t, x) G R 6 , 

F 2 : (t, x) — > arctg t 2 for all (i, x) G R 2 x X, X C {x : X1X4 — x 2 x 3 7^ 0, X4 7^ 0}, 

X4 

are the general integral on a domain l 2 xl of the linear system (2.12). 

Theorem 2.6. Let v° be a real common eigenvector of the matrices Aj corresponding 
to the eigenvalues X 3 , j = 1, . . . , m, respectively. Let u e , 9 = 1, . . . , s — 1 be real generalized 
eigenvectors of the matrix Aq corresponding to the eigenvalue X^ with elementary divisor of 
multiplicity s ^ 2. Then the completely solvable system (2.1) has the first integrals 

m 

F q : (t,x) - Y^tj for all (t,x) GR m xl, g = 1, . . . , s - 1, 

i=i 

where the set of functions v q : X — > R is i/ie solution to the system (2.17), the numbers 
li?q = pj Vq(x), q = 1, . . . , s — 1, j = 1, . . . , m, anc? a domain X C {x: z/°x 7^ 0}. 
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The completely solvable system (2.18) has fi\ = 1, ^3 = 0, /i 2 = — 1, fi 3 = 6, and 
the first integrals (by Theorem 2.6) 

Fi : (t, x) -► v^(x) -h+t 2 for all (t, x) G E 2 x X, 
F 2 : (t, x) -» ^(x) - 6t 2 for all (t, i)el 2 xl, X C {x : x\ - x 2 + x 3 + 0}, 

where the functions v{ l7 v\ x are given by (2.19). The functionally independent first integrals 
(2.20), F\, and F 2 are the general integral on a domain K 2 xl of the system (2.18). 

Corollary 2.3. Let v° be a common eigenvector of the matrices Aj corresponding to 
the eigenvalues \ J , j = 1, . . . , m. Suppose v e , 9 = 1, . . . , s — 1 are generalized eigenvectors 
of corresponding to the complex eigenvalue A*» (ImA^ 7^ 0) with elementary divisor of 
multiplicity s ^ 2. Then the completely solvable system (2.1) has the first integrals 

m 

F lq : (t,x) ->£j(aO H Ct i for all (t, x) e R m x X, q = l,...,s-l, 

3=1 

and 

m 

F 2q ■ (t, x) -> v^{x) - ^ tj for all (t,x) £R m x X, q=l,...,s-l, Id", 

where the set of functions v q : x —> Vq(x) + Vq(x)i for all x G X is the solution to the system 
(2.17), the numbers = pj v^(x), Jl^ = pj Vq(x), j = 1, . . . , m, q = 1, . . . , s — 1. 
The completely solvable system (2.21) has the first integrals (by Corollary 2.3) 

Fn : (t, x) -» ^(x) - tx - t 2 , F21 : (*, x) -> ^(i) + t 2 - *3 for all (t, x) G M 3 x X, 
and 

F 12 : (t,x) ^ v 2 \(x) -2t 3 for all (t, x) G M 3 x X, X C {x : x x + x 3 + x 4 + x 6 / 0}, 

where v^, v^, and v 21 are given by (2.22). The general integral for the linear system (2.21) 
is the functionally independent first integrals (2.24), (2.25), (2.26), Fn, F 2 ±, and F± 2 . 

For example, the system (2.28) has the eigenvector v m = (1, 1 + 2,0, 0, i, i) corresponding 
to the eigenvalues A} = 1 + i, \\ = — 1, Af = 2, Xf = — 1 + 2i and the first integrals 

Fx : (t, x) -> ((xi + x 2 ) 2 + (x 2 + x 5 + x 6 ) 2 ) exp( - 2ti + 2i 2 - 4t 3 + 2t 4 ) (by Corollary 2.2), 

F 2 : (t, x) -> arctg X2 + 3:5 + Xg _ ^ _ 2 t 4 for all (t, x) G M 4 x X, 
xi + x 2 

where X C {x : x\ + x 2 7^ 0, xi + X3 + X4 + xq 7^ 0} C M 6 . Using Corollary 2.3, we get 
F 3 : (t, x) -» 5 ^(x) - ti + t 3 - t 4 for all (t, x) G M 4 x X 

and 

F 4 : (t, x) -» v ^ (x) - t 2 - *4 for all (t, x) G K 4 x X, 

where and are given by (2.29). The first integrals (2.30), (2.31), F-]_,...,F± are the 
general integral on a domain t 4 xl for the completely solvable linear system (2.28). 

Consider the completely solvable linear system of equations in total differentials (2.32). 
According to Corollary 2.3, we can construct the first integrals 

Fn : (i, x) -> Vn(x) - h - t 2 , F 21 : (t, x) -> ^(x) + i 2 for all (t, x) G M 2 x X, 

where the functions and are given by (2.22), a domain X C {x: X1+X3+X4+X6 7^ 0}. 
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The functionally independent first integrals (2.33), (2.34), (2.35), (2.36), i*n, and F21 
are the general integral on a domain R 2 x X for the completely solvable system (2.32). 

Remark 2.2. The system of equations in total differentials 

dx\ = — (xi + X2 + 3x3) dt\ — 3(xi + 2x3) dtz, (2.38) 

dx2 = X2 dt± — 2x2 dt2, dxs = (x2 + 2x3) dt\ + 3x3 dt2 

is not completely solvable (this system has the defect [5, p. 54] of order 1): 

[pi (x) , p 2 (x)] = [ - (xi + x 2 + 3x 3 ) d xi + x 2 d X2 + (x 2 + 2x 3 ) d X3 , 

- 3(xi + 2x 3 ) d Xl - 2x 2 d X2 + 3x 3 d X3 ] = - 5x 2 d Xl + 5x2d X3 = p 3 (x) for all x G K 3 , 

[pi(x),p 3 (x)] = -p 3 (x), [p 2 (x),p 3 (x)] = -5p 3 (x) forallxGM 3 . 

The system (2.38) has two common eigenvectors v x = (1,0,1) and v 2 = (0,1,0) corres- 
ponding to the eigenvalues \\ = — 1, Xf = — 3, and \\ = 1, A| = — 2. The first integrals 

Fi : (t, x) (xi + x 3 ) exp(ti + 3t 2 ), F 2 : (t, x) -> x 2 exp(2t 2 - ii) for all (t, x) G ]R 5 

are a general integral of the linear system of equations in total differentials (2.38). 

2.2. Linear real nonhomogeneous systems in total differentials 

Consider now a nonhomogeneous system of equations in total differentials 

m 

dx = ^(Bj x + /_,■(*)) dtj (2.39) 
j'=i 

corresponding to the linear homogeneous system (2.1), where the matrices B±, . . . , B m are 
transpose of A\,... ,A m , respectively, and the vector functions 

fj-.t-> colon(/ji(£), . . . , fj n {t)) for all t G T, j = 1, . . . , m 

are continuously differentiable on a domain T C W m . 

The Frobenius conditions for the total solvability [4, p. 44] of system (2.39) are (2.2) and 

8 k fj (t) - B c fj (t) = d tj / c (t) - Bjf c (t) for all t € T, j, ( = 1, . . . , m. (2.40) 

Theorem 2.7. Let v be a real common eigenvector of the matrices Aj corresponding 
to the eigenvalues A- 7 , j = l,...,m, respectively. Then the completely solvable system of 
equations in total differentials (2.39) has the first integral 

/m 
^2ufj(t)-ip(t)dtj for all (t,x) G T xi", (2.41) 
i=i 

where T is a simply connected domain from T, the function 

m 



<p: t —> exp ( — X 3 tj j for all t G T. 
Proof. Let us introduce the 1-form 

m 

uj:t^J2 u fj (*) • dt 3 for all t G T, TC W n . 

3=1 

The external differential has the form 

m m 

du{t) = ip(t) ^2^2{dt c vfj(t) - A c • vfj(t)) dt c A dtj for all t G T. 
3=1 C=i 
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Using (2.40) and 

dtj A dtj = 0, dt^ A dtj = — dtj A dt^, (, j '• = 1, . . . , m, 

we get the differential 1-form u is closed on T. By the Poincare theorem (see [5, p. 14]), it 
follows that uj is exact in a simply connected domain TcT. 
Taking into account Lemma 2.1 and (2.15), we obtain 

y$jF(t, x) = - X j vx ■ ip(t) - vfj(t)ip(t) + pjux ■ ip(t) + ufj(t)ip(t) = 

for all (t, x) G f x R n , j = l,...,m, 

where the linear differential operators 

% (t, x) = d tj + pj (x) + fj (t) d x for all (t, x) G T x R n , j = l,...,m. 

Therefore the function (2.41) is a first integral of the completely solvable system (2.39).B 

Corollary 2.4. Let v = v + vi (v = Rev, v = Imv) be a common complex eigenvector 
of the matrices Aj corresponding to the eigenvalues X 3 = X 1 + X 1 i (X 1 = Re A- 7 , A- 7 = ImA- 5 ), 
j = l,. . . ,m, respectively. Then the completely solvable system (2.39) has the first integrals 

/m 
^2 a T (t, fj(t)) dtj for all (t, x) G f x W\ t = 1,2, 

where the scalar functions of the vector arguments 

ai(t,x) = ( vx ■ cos^ XHj + vx ■ sin^ A J ' tj ] • expf - ^ X 3 tj ] for all (t,x)eT xl", 

V j=1 j=1 J \ j=l J 

vx ■ cos ^ t j ~ "X ■ sin ^ X j tj ] • exp ( - X J tj ] for all (t, x) G T y.W l . 
j=i j=i ' V j= i ' 

For example, the completely solvable system of total differential equations 

dxi = x x dh + (x 2 + 1) dt 2 , dx 2 = (x 2 + l)dt 1 + (-x 1 + e tl+at2 ) dt 2 , 

dx 3 = (x 3 +t 2 - ti) dti + ( — xs + h - t 2 ) dt 2 

corresponding to the linear homogeneous system (2.8). This system has the first integrals 

Fi : (t, x) — > (xi cost 2 - x 2 sint 2 - sini 2 )e _il + - Sm -| — ^ 2 e at2 (by Corollary 2.4), 



F 2 : (t,x) — > (xi sin t 2 + x 2 cos t 2 + cos t 2 )e * x - - C ° S ^ 2 ^ ^ m ^ 2 e a * 2 (by Corollary 2.4) , 



F 3 : (t, x) -» (x 3 + t 2 - ti - l)e* 2 "* 1 for all (t, x) G M 5 (by Theorem 2.7), 

where a is some real number. 

Theorem 2.8. Let the assumptions of Lemma 2.2 hold. Then the completely solvable 
system of equations in total differentials (2.39) has the first integrals 

e 

F e : (t,x) - v ei x ■ <p{t) -J2 K r-i(t) ■ F T ^{t,x) - Cg{t) 

T=l 

(2.42) 

for all (t,x) GT xX, 9 = 0, . . . , s t - 1, X C {x: v°x ^ 0}, 
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where the functions 

tp: t — > exp ( — ^2 l4si tj ) for all t G T, T C T, 

/rn , 9—r \ 

£ ( (r-i) ^ + i,;+E(!) A,-, r = 1, . . . ,e, e = i,..., Sl -i, 

3=1 V 5=1 7 

/m , 9 
1 = 1 V r=l 



(t) dtj for all teT, = 0, . . . , sj - 1, 



i/ie numbers [i^ = \j, fi^ = pj Vq^x), 9 = 1, . . . , — 1, j = 1, . . . , m. 

Proof. The proof is by induction on 0. 

The case = was considered in Theorem 2.7. 

Suppose 6 = 1. Using Lemma 2.3 with condition (2.16), we obtain 



?=i ^ e=i 

= ^(z/ 0/ x • - C (t) - F (t,x)) = for all (i,i)eTxX, j = l,...,m. 

Therefore F\ : T x X — > E is a first integral of the completely solvable system (2.39). 
Suppose that the assertion of the theorem is valid for 6 = e — 1, i.e., the scalar functions 
F# : T x X — > E, = 1, ...,£ — 1 are first integrals of the system (2.39). Then 

<P,F £ (t,x) = iv^x ■ <p(t) - E^r-i(0 • *V-i(i,z) - C £ (0) = 

V T=l 7 



T = 



r=l ^ 5=1 7 ^ r=l y 

= E(r) a4i ((>- r ^ • - £*rr(*) • x ) - c — (*)) - F -T (*. *)) = 

r=l ^ 5=1 7 

for all (i, x) G T x X, j = 1, . . . ,m. 

Therefore F £ :Txl^K is a first integral of the linear system (2.39). 

Thus the functions (2.42) are first integrals of the completely solvable system (2.39). ■ 

Remark 2.3. In complex case from Theorem 2.8, we get the following real- valued first 
integrals of the completely solvable system of equations in total differentials (2.39): 

Fg 1 : (t,x) -» ReF e (t,x), F| : (t, x) -f TmF e (t, x) for all x) G T x X, 6 = 0, . . . , s t - 1. 

Moreover, we have 

F, 1 : (t,x) -> a fl (t,x) - ^(fleF^t) • i^ftz) - lmK e T ^(t) ■ F^^x)) - ReC e (t), 



T=l 
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9 

Fl. (t,x) -+/3 g (t,x) ~Y,(^K-i(t) ■F^_ l (t,x) + lmK d T _ l (t) -F^fax)) -ImQ(t) 

T=l 

for all x) e f x X, 9 = 0,...,s t - 1, 

where the functions 

E((r-i) HUi, + Effl Re ^=i (*) - ^ Im ^ (*)) > 

/m y 0— r x 

E ( (ril) ?|ir+M + E (!) Im (*) + Re W) dt S 

3=1 V 5=1 J 

for all t £ T, t = 1,...,9, 9 = l,...,si- 1, 

/TO y 6 x 

E +E(r) (M#R*C*- T (t) - ^\mCe- T {t)) dtj , 

j = l ^ T = l 



/TO / v 

+ E0 (% C ImC e _ r (t) +^ C ReC,_ T (t)) dt; 

j=l V r=l y 

for all t G T, = 0, . . . , aj - 1, T C T, 

the real numbers ^ = ReAj', Jiff = ImXj, = Re [iff , Ji^f = Im/x^, j = 1, . . . ,m, 
the vectors v ei = Rev ei , u ei =Imu ei , 9 = 0, . . . , si — 1, and 



(TO TO s y TO \ 

^ 9 ^ • c ° s E *j + 1)9130 ■ sin E *j ) • exp ( - E ^of * j ) . 
i=i j=i 7 V j=i 7 

(m to \ / to \ 

£ e 'x • cos ^ /!« (*) *j " V 61 * ■ E ^of h ) " ex P ( " E Hi h ) 

3=1 3=1 7 V J'=l 7 

for all (t,i)efxl", = 0, . . . , si - 1. 
Remark 2.4. Suppose the system (2.39) satisfies (2.2) and (2.40). Then 1-forms 

TO , 9 — T v 

-i : * - E (r-i) 4-t + i,i + E8) ^ • W r = 1, . . . , 0, = 1, . . . , Sl - 1, 

3=1 ^ 5=1 ' 

m / 9 \ 

,j e : * ^ E ( * w /j (t) ■ + E (?) /4l • C e-r (*) ) rftj for all t € T, = 0, . . . , a, - 1 

j = l ^ T = l 



are exact in a simply connected domain Td 
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3. First integrals of linear systems of ordinary differential equations 
3.1. Linear homogeneous systems of ordinary differential equations 

Let us consider a linear autonomous homogeneous system of ordinary differential equations 

dx .„ „. 

- = Ax, (3.1) 

where x = colon(xi, . . . , x n ) G W 1 , the ^4 = d%j 1 1 is £t real n x n matrix. 
Let B be the transpose of the matrix A. 

Using methods of Section 2 , we obtain the following statements. 

Theorem 3.1. Let v E C ra be an eigenvector of the matrix B. Then the linear function 
p: x — > vx for all x £ M n is a partial integral of the system (3.1). 

3.1.1. Autonomous first integrals 4 

Theorem 3.2. Let v 1 , v 2 be real eigenvectors of the matrix B corresponding to the 
eigenvalues Ai, A2 (Ai 7^ A2), respectively. Then the system (3.1) has the first integral 

F: x -> \v l x\ hl \u 2 x\ h2 forallxeX, lcD(F), 
where hi, ti2 is a real solution to the equation A1/11 + A2/12 = with \hi \ + | /is | 7^ 0. 

Corollary 3.1. If v is a real eigenvector of the matrix B corresponding to the eigenvalue 
A = 0, then the linear function F : x — > vx for all x € R n is an autonomous first integral 
of the system of ordinary differential equations (3.1). 

Corollary 3.2. Let A / be an eigenvalue of the matrix B corresponding to two real 
linearly independent eigenvectors u 1 , u 2 . Then the system (3.1) has the autonomous first 

integral F: x — > for all x € X, where a domain X C \ x: v 2 x 7^ 0|. 

v j. x v > 

For example, the autonomous system of ordinary differential equations 



at at 

dxs dxi 

— — = 2x 2 + x 3 + x 4 , — — = 2xi - 4x 2 + 2x 3 - 2x 4 
at at 



(3.2) 



has the eigenvectors u 1 = (1, -1, 1, -1), v 2 = (2, 2, 1, 1), v 3 = (1, 0, 1, 0), u 4 = (0, 2, 0, 1) corre- 
sponding to the eigenvalues Ai =0, A2 = A3 = 1, A4 = 2, respectively. The functions 

F\ : x — > x\ — X2 + x 3 — X4 for all x G M 4 (by Corollary 3.1), (3.3) 

F 23 : x - 2X1 + 2X2 + X3 + XA for all x G X x (by Corollary 3.2), (3.4) 

Xl + x 3 

F 24 : x - (2Xl + 2X2 + X3 + X4)2 for all x G X 2 (by Theorem 3.2), (3.5) 
2x 2 + X4 

where Xi C {x : xi + X3 7^ 0}, X2 C {x: 2x2 + x 4 7^ 0}, are autonomous first integrals of the 
system (3.2). The set of functionally independent first integrals F\, F23, F24 is a general 
autonomous integral of the system of ordinary differential equations (3.2). 



4 This Subsubsection has been published in Vestnik of the Yanka Kupala Grodno State Univ., 2002, Ser. 2, 
No.2(ll), 23 - 29; 2003, Ser. 2, No. 2(22), 50 - 60. Using method of Jordan canonical form, the same result 
was obtain by M. Falconi and J. Llibre in Qualitative theory of dynamical systems, 2004, No. 4, 233 - 254. 
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Theorem 3.3. Let v = v + vi (v = Rev, u = Imu) be an eigenvector of the matrix B 

corresponding to the complex eigenvalue A = A + A i (A = Re A, A = ImA / 0). Then the 
system of ordinary differential equations (3.1) has the autonomous first integral 

* 

* /A h*X \ 

F: x — > ((Vx) 2 + (z/x) 2 ) • expl - 2 - arctg — ) /or all x G X, 

V A i/x / 

where a domain X C {x: ra^O}. 

Theorem 3.4. Lei v x = v 1 -\-v 1 i (^ 1= Rez/ 1 , i? 1 =Im^ 1 ) be an eigenvector of the matrix 

-B corresponding to the complex eigenvalue \\ = Ai + Ai i (Ai = ReAi, Ai = ImAi 7^ 0), 
1/ 6e an real eigenvector of the matrix B corresponding to the eigenvalue A2 7^ 0. Then the 
system of ordinary differential equations (3.1) has the autonomous first integral 

F : x — > z^ 2 x • exp [ — ^ arctg -j— ^ J /or a// x£l, 



Ai 



z^x 



where a domain X C {x: v l x 7^ 0}. 

The autonomous linear system of ordinary differential equations 

dx\ dx2 dxs 

—— = 2xi+x 2 , —7-=x 1 + 3x2-x 3 , — - = - xi + 2x 2 + 3x 3 (3.6) 
at at at 

has the eigenvalues Ai = 3 + i, A2 = 2 corresponding to two eigenvectors v 1 = — 1), 
v 2 = (3, — 1, — 1), respectively, and the first autonomous integrals 

Fi : x -> ((xi - x 3 ) 2 + x\ ) exp( - 6 arctg - %2 - ) for all x G X (by Theorem 3.3), (3.7) 

F 2 : x -> (3xi - x 2 - x 3 ) expf - 2 arctg — — — ) for all x G X (by Theorem 3.4), (3.8) 

V xi — X3 / 

where a domain X C {x: x\ — X3 7^ 0}. 

Theorem 3.5. Let u 1 = u l +D 1 i and u 2 = v 2 + u 2 i be two eigenvectors of the matrix 

B corresponding to the complex eigenvalues \\ = Ai + Ai i and A 2 = A2 + A 2 i (Ai 7^ A 2 ), 
respectively. Then the system (3.1) /ias i/ie autonomous first integral 

~2 ~1 
~ X ~ V X 

F : x — > Ai arctg - — — A2 arctg - — for all x G X, 
z/ 2 x ^ 1 x 

* „ * ~ 

where the vectors v T =Reu T , v T =Imv T , the numbers \ T = Re A r , A r = Im A T 7^0, r = 1, 2, 

a domain X C {x: z/ 2 x ^OA^i^O}. 

As an example, the linear autonomous system of ordinary differential equations 
o!xi dx 2 

— — = - 3xi + x 2 + 4x3 + 2x4, — rr = 8x1 - 3x 2 - 2x3 + 6x4, 
at at 

(3.9) 

dx 3 dx4 

— — = - Qxi + 3x 2 + 4x 3 - 4x 4 , —rr = 6x1 - 3x 2 - 4x 3 + 2x 4 
at at 

has the eigenvalues \\=i, A 2 =2i corresponding to the eigenvectors z/ 4 = (1 — i, — l + 2i, 2i, 2), 
v 2 = (i, — 1 + 2i), respectively. The functionally independent first integrals 

Fi : x -> (xi - x 2 + 2x 4 ) 2 + ( - xi + 2x 2 + 2x 3 ) 2 for all x G M 4 (by Theorem 3.3), (3.10) 

F 2 ■■ x -> ( - x 2 + x 4 ) 2 + (xi + x 3 + 2x 4 ) 2 for all x G K 4 (by Theorem 3.3), (3.11) 
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and (by Theorem 3.5) 

F 3 : x - arctg Xl + " 3 + ^ - 2 arctg = Xl + ^ + ^ for all x € X (3.12) 

— X 2 + X4 Xi - X2 + 2X4 

are a general autonomous integral on a domain X C {x : x\ — X2 + 2x4 7^ A x 2 — X4 7^ 0} of 
the linear system of ordinary differential equations (3.9). 

Definition 3.1. Let v Q be an eigenvector of the matrix B corresponding to the eigen- 
value A with elementary divisor of multiplicity m. A non-zero vector u k E C n is called a 
generalized eigenvector of order k for A if and only if 

(B - \E)v k = k ■ v k -\ fc = l,...,m-l, 

where E is the n x n identity matrix. 

Theorem 3.6. Let A be an eigenvalue of the matrix B with the elementary divisor of 
multiplicity m (m ^ 2) corresponding to the real eigenvector v° and to the real order 1 
generalized eigenvector v 1 . Then the system (3.1) has the autonomous first integral 

F : x — > v°x exp ^ — A — — ^ for all x G X, 

where a domain X C {x: v°x 7^ 0}. 

Corollary 3.3. Let A = A + A i (A = Re A, A = ImA / 0) be a complex eigenvalue of 
the matrix B with the elementary divisor of multiplicity m (m ^ 2) corresponding to the 
eigenvector u° = v° + u° i and to the order 1 generalized eigenvector u 1 = u 1 + Then 
the system (3.1) has the autonomous first integrals 

Fl :^ ((?•,)' + (?•,)» ) exp( - 2 *°<'>-ff'> ) for «« , 6 X 



anc? 



j-i , \a(x) + \(3(x) 

F 2 :x^ arctg— — — — — for all x G X, 

z^ u x (z/ u xj + ( f u xJ 

w/iere a domain X C {x: ^°x / 0}, the vectors v T = Rev T , v T = Imv T , r = 0, 1, the 

polynomials a: x — > ^ x f x + f x v x, (3: x — > ^ x ^ x — f x ^ x for all x G R™. 

Corollary 3.4. Lei Ai = 6e an eigenvalue with the elementary divisor of multiplicity 
m (m ^ 2) of the matrix B corresponding to the real eigenvector v° and the real order 1 
generalized eigenvector v 1 . Let A2 be an eigenvalue of the matrix B corresponding to the 
real eigenvector v 2 . Then the system (3.1) has the autonomous first integrals 



F : x — > v x exp ( — A2 — — ) for all x G X, 

where a domain X C {x: u°x 7^ 0}. 

The linear autonomous system of ordinary differential equations 

dx\ dx% dx$ 

— — = 4xi - 5x 2 + 2x 3 , — rr = 5xi - 7x 2 + 3x 3 , — - = 6x1 - 9x 2 + 4x 3 (3.13) 
dt dt dt 

has the eigenvalue Ai = with the elementary divisor A 2 of multiplicity 2 corresponding 
to the eigenvector u° = (1, — 2, 1) and the order 1 generalized eigenvector v 1 = (0, — 1, 1), 
and the simple eigenvalue A3 = 1 with the elementary divisor A — 1 corresponding to the 
eigenvector u 3 = (3, — 3, 1). The functionally independent functions 
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F x : x -> xi - 2x 2 + x 3 for all x G M 3 (by Theorem 3.6) (3.14) 
and (by Corollary 3.4) 

X2 — X3 

F2 '■ x — > (3xi — 3x2 + Z3) exp for all x € X, (3.15) 

xi - 2x 2 + x 3 

where X C {x: x\ — 2x2 + %3 7^ 0}, are autonomous first integrals of the system (3.13). 

Corollary 3.5. Let X\ = be an eigenvalue with elementary divisor of multiplicity m 
(m ^ 2) of the matrix B corresponding to the real eigenvector v° and to the real order 1 

generalized eigenvector v . Let X2 = A2 + ^2 i (A2 = ReA2, A2 = ImA 2 7^ 0) be a complex 
eigenvalue of the matrix B corresponding to the eigenvector v 2 = v 2 + u 2 i. Then the system 
of differential equations (3.1) has two autonomous first integrals 

Fi : x — > ^( ^ 2 x) 2 + ( z^ 2 x) 2 ^ exp^ - 2 A2 -q— ^ /or all x € X 

anc? 

~2 1 

is x ~ 1/ x 
F2 : x — ► arctg - — — A2 - — / or a ^ x G X, 
z/ 2 x ^ x 

w/jere a domain X C {x: z/ x / 0, z^ 2 x 7^ 0}. 

Theorem 3.7. Let A 6e an eigenvalue with elementary divisor of multiplicity m ^ 2 0/ 
i/ie matrix B corresponding to the real eigenvector u° and to the real generalized eigenvectors 
u k , k = l,m — 1. Then the system (3.1) has the first integrals 

F g : x — > * g (x) /or all x £ X, g = 2, . . . , m — 1, (3.16) 

where the functions ^ g : X — > R is i/ie solution to system 

k 

u k x = ^2( k i Zl)^ i {x)u k - i x, fc = l,...,m-l, Xc{r 
i=i 

Remark 3.1. Let A = A + A i (A = Re A, A = ImA 7^ 0) be a complex eigenvalue 
with elementary divisor of multiplicity m (m ^ 2) of the matrix B corresponding to the 
complex eigenvector u° = u° + Taking into account (3.16), we obtain the real-valued 
first integrals of the system of ordinary differential equations (3.1): 

F g ,i : x — ► Re ^ g (x), F g ^ ■ x — > Im ^ g (x) for all x € X, g = 2, . . . , m — 1, 

where a domain X C {x: ( ^°x) 2 + ( z?°x) 2 7^ 0}. 

For example, the system of ordinary differential equations 

dxi dx 2 dx 3 

—— =4xi-x 2 , -3- = 3xi + x 2 - x 3 , — - = Xl+X 3 (3.17) 
at at at 

has the eigenvalue Ai = 2 with the elementary divisor (A — 2) 3 of multiplicity 3 corresponding 
to the eigenvector v° = (1, —1, 1) and the generalized eigenvectors v x = (1, 0,-1), v 2 = (0, 0, 2). 
First integrals of the system of differential equations (3.17) are the functions 

(X\ — X3 \ 
— 2 I (by Theorem 3.6) (3.18) 

x\ - x 2 + x 3 / 

and (by Theorem 3.7) 



29 



V.N.Gorbuzov, A.F. Pranevich First integrals of linear differential systems 

tp i \ ( Xl ~ x 3) 2 -2x 3 (xi -X2 + X3) 

F 2 : (xi,x 2 ,x 3 ) -> — — -2 for all (xi,x 2 ,x 3 ) G X, (3.19) 

yX\ X 2 ~r X 3 ) 

where a domain X C {(xi, x 2 , x 3 ) : xi — x 2 + x 3 ^ 0}. 

The autonomous system of ordinary differential equations 

dx\ „ „ dx2 

—— = xi - 2x 2 + x 3 - 2x 6 , —— = 3x2 ~ x 3 - x 5 + 2x 6 , 
at at 

dx% dx4 ( A 

— — = - X1+X3 + 2x4 + 2x5, —rr = - xi + X4 + X5 + xq, {6.20) 
dt dt 

dx§ dxQ 

—— = Xi + X 2 + X 5 , — - = Xi - X 2 + X 3 - X 4 - Xq 

dt dt 

has the complex eigenvalue Ai = 1+i with the elementary divisor (A— 1— i) 3 corresponding to 
the eigenvector u° = (1, 1,0,0, i,0) and to the generalized eigenvectors u 1 = (0, 1,0, i, i, 1), 
v 2 = (0, U,i, 0). A general autonomous integral of the system (3.20) is the functions 

F 1 : x -> P(x) exp( - 2tp(x)) for all x G X (by Theorem 3.3), (3.21) 
F 2 : x -> P(x) exp ^ - 2 ^^y^ ) for a11 x G X ( b Y Corollary 3.3), (3.22) 

F 3 : x -> <p(x) - ' | f ^ for all x G X (by Corollary 3.3), (3.23) 
P(x) 

F 4 : x - 7(X)P(X) 2(X) ~ " 2(Z) for all x G X (by Theorem 3.7), (3.24) 
F (x) 

and 

F 5 : x -> <? ( X ) P W -Mx)P(x) for all x e x (by Theorem 3.7) ; (3.25) 
F (x) 

where 

P: x — > (xi + x 2 ) 2 + x\, a: x —> (xi + x 2 )(x 2 + x 6 ) + x 5 (x 4 + x 5 ), 
0: x — > (xi + x 2 )(x 4 + x 5 ) - x 5 (x 2 + x 6 ), 7: x — > x 2 (xi + x 2 ) + x 5 (x 3 + x 5 ), 
5: x — > (xi + x 2 )(x 3 + X5) — x 2 X5 for all x G M 6 , 

(/? : x — > arctg — for all x G X, X C {x : x\ + x 2 7^ 0}. 

xi + x 2 

3.1.2. Nonautonomous first integrals 

Theorem 3.8. Let v be a real eigenvector of the matrix B corresponding to the eigen- 
value A. Then the system (3.1) has the first integral 

F: (t,x) -> vx exp( - At) for all (t,x) G R n+1 . 

For example, the four dimensional system (3.2) has the eigenvalue A 2 = 1 corresponding 
to the eigenvector v 2 = (2, 2, 1, 1) and the first integral 

F : (t, x) — > (2xi + 2x 2 + x 3 + x 4 ) e~ l for all (t, x) G R 5 (by Theorem 3.8). 

The first integrals (3.3), (3,4), (3.5), and F are a general integral on a domain M x X of 
the system (3.2), where X C {x : x x + x 3 / A 2x 2 + x 4 / 0} C K 4 . 
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Using the eigenvector v 2 = (3, — 1, — 1) corresponding to the eigenvalue A2 = 2, we can 
build the first integral of the linear system (3.6): 

F : (t, x\, X2, X3) — > (3xi — X2 — Xs) e~ 2t for all (t, x\, X2, X3) € R 4 (by Theorem 3.8). 

The functionally independent first integrals (3.7), (3,8), and F are a general integral on 
a domain K x X of the system (3.6), where a domain X C {(x±, X2, X3) : x\ — 23 7^ 0}. 

Corollary 3.6. Let v = v + ui (y = Re^, u = Imu) be an eigenvector of the matrix 
B corresponding to the complex eigenvalue A = A + Ai (A = Re A, A = Im A 7= 0). Then the 
system of ordinary differential equations (3.1) has the first integrals 

F 1 : (t,x) -> [[vxf + (^x) 2 )exp(-2At) for all (t,x) eR n+1 

and 

vx ~ 

F 2 : (t,x) ^ arctg— - At for all (t,x)eRxX, 
vx 

where a domain X C \x: ra^O}. 

As an example, the system of linear differential equations (3.9) has the eigenvalue \\ = i 
corresponding to the eigenvector v 1 = (1 — i, — 1 + 2i, 2i, 2) and the first integral 

F: (t,x) -» arctg ~ x i + 2x 2 + 2x 3 _ f for ^ ^ , G R x Xi « Corollary 3.6), 

Xi — X2 + 2X4 

where a domain Xi C {x: xi — X2 + 2x4 7^ 0}. 

The first integrals (3.10), (3.11), (3.12) and F are a general integral on a domain Mxl 
of the system (3.9), where a domain X C {x: x\ — X2 + 2x4 7^ A X4 — X2 7^ 0} C M 4 . 

Theorem 3.9. Let A be an eigenvalue of the matrix B with the elementary divisor 
of multiplicity m (m ^ 2) corresponding to the real eigenvector v° and the real order 1 
generalized eigenvector v 1 . Then the system (3.1) has the first integral 

F: (t,x) -» ^ -t for all (t,x) eRxI, (3.26) 

where a domain X C {x: v°x 7^ 0}. 

The system of ordinary differential equations(3.13)has the eigenvalue Ai =0 corresponding 
to the eigenvector u° = (1, —2, 1) and to the order 1 generalized eigenvector u 1 = (0, —1, 1). 
From Theorem 3.9 it follows that the function 

X3 — X2 

F: (t,xi,X2,xs) — > — t for all (t, x±, X2, X3) G R x X 

Xi - 2x 2 + x 3 

is a first integral of the system (3.13), where a domain X C {(#i, X2, X3) : x\ — 2x2 + x% 7^ 0}. 

A general integral on a domain R x X of the system of ordinary differential equations 
(3.13) is the functionally independent first integrals (3.14), (3.15), and F. 

Consider the system (3.17). Using the eigenvalue Ai = 2 corresponding to the eigenvector 
v = (1, — 1, 1) and to the order 1 generalized eigenvector v l = (1, 0, — 1), we can build the 
first integral of the system of ordinary differential equations (3.17): 

X\ — X3 

F: (t, xi,X2,xs) — > — t for all (t, xi, X2, X3) € R x X (by Theorem 3.9). 

xi - x 2 + x 3 

The first integrals (3.18), (3.19), and F are a general integral on a domain R x X of the 
system (3.17), where a domain X C {(xi, X2, X3) : x\ — X2 + X3 7^ 0} C R 3 . 
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3fi ^ . ■ 

Remark 3.2. Suppose A = A + Ai (A = Re A, A = ImA=^0) is a complex eigenvalue of the 
matrix B corresponding to the eigenvector v° = v° + v° i and to the generalised eigenvector 
v 1 = v 1 + v 1 i. Using (3.26), we get the real-valued first integrals of the system (3.1): 

*n*i ~ n ~ i * n - — 1 ^ o * 1 

^ , . V U X V X + V U X V L X „ . . V U XV X — V ^XV L X „ „ . \ tt^ (v 

Fl :(t,x)^— — ^— — T -t, F 2 :(t,s)-» for all (t,*)eRxX, 

[v^x) + {v [) x) {v [) x) + ( v u xJ 

where a domain X C {x: (v°x) 2 + ( z7 x) 2 / 0}. 

Consider the system (3.20). Using the eigenvalue \\ = 1 + i corresponding to the eigen- 
vector v° = (1, 1, 0, 0, i, 0) and to the order 1 generalized eigenvector u 1 = (0, 1, 0, i, i, 1), we 
can build the first integral of the system of ordinary differential equations (3.20): 

F:(t,x)^ (Xl+X2Kx2 + ^ +X5 2 (X4 + X5) - t IbraflMeRxI, 

(xi + x 2 y + x% 

where a domain X C {x : x\ + x 2 / 0} C R 6 . 

The functionally independent first integrals (3.21), (3.22), (3.23), (3.24), (3.25), and F 
are a general integral of the system of ordinary differential equations (3.20). 

3.2. Linear nonhomogeneous systems of ordinary differential equations 

We consider a system of n first order constant-coefficient linear nonhomogeneous ordinary 
differential equations 

nx 

— = Ax + f(t), (3.27) 
where x = colon(xi, . . . , x n ) G R n , A = 

G'ij || IS ct real nxn matrix, and the vector function 
/: t — > colon(/i(t), . . . , f n (t)) for all t G J is continuous on an interval JcM. 
Let B be the transpose of the matrix A. 

Theorem 3.10. Suppose v is a real eigenvector of the matrix B corresponding to the 
eigenvalue A. Then a first integral of the system (3.27) is the function 

F : (t, x)^vx- exp( - \t) - j vf(t) • exp( - \t) dt for all (t, x) eJxW 1 , J C J. 

Corollary 3.7. Let v = v + v i [y = Re v, v = Imv) be an eigenvector of the matrix B 
corresponding to the complex eigenvalue A = A + A i (A = Re A, A = ImA ^ 0). Then first 
integrals of the system of ordinary differential equations (3.27) are the functions 

F T : (t,x) -> a T (t,x) - J a T (t,f(t))dt for all (t,x) G J x R n , r = l,2, JcJ, 

where the functions a\(t, x) = ( vx ■ cos A t + vx ■ sin A t) ■ exp( — At) for all (t, x) G J x W 1 , 
a 2 (t,x) = {vx ■ cos At — vx ■ sin At) • exp( — At) for all (t,x) G J x R n . 

Remark 3.3. Under the conditions of Corollary 3.7, we have the function 

F: (t,x) ^>({vx) 2 + (vx) 2 ^exp(-2 At) -2^i(t,x) Jai(t, f(t))dt + a 2 {t, x 

+ (^j ai(t,f{t))dt^j + (^j a 2 (t,f(t))dtj for all (t,x) G J x R n 
is also a first integral of the system (3.27). 
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For example, the linear nonhomogeneous system of ordinary differential equations 

— = 2xi+x 2 + 2e 2t , — = x x + 3x 2 - x 3 + 10, -jt = ~ «i + 2x 2 + 3x 3 + e 3t 
at at at 

has the eigenvalue Ai = 2 corresponding to the eigenvector v 1 = (3, —1, —1), the eigenvalue 
A2 = 3 + i corresponding to the eigenvector v 2 = — 1), and the first integrals 

F 1 : (t,xi,x 2 ,x 3 ) -> (3xi -X2-X3- 5)e~ 2 * + e* - 6t (by Theorem 3.10), 

F2: (t,xi,X2,X3) — ► ((xi — X3 + l)cos£ + (X2 + 3)sini)e~ 3 * + (cost — sint)e _t + sint, 

F3 : (t, xi, X2, X3) — > ((X2 + 3) cos t + (X3 — xi — 1) sin t)e~ 3 * — (cos t + sin t)e~* + cost 

for all (t, xi, x 2 , x 3 ) G M 4 (by Corollary 3.7). 

Theorem 3.11. Let A be an eigenvalue with the elementary divisor of multiplicity m 
(m ^ 2) 0/ t/ie matrix B corresponding to the real eigenvector u° and to the real generalized 
eigenvectors u k , k = 1, ... ,m — 1. Then the system (3.27) has the first integrals 

k-i 

F k+1 : (t, x) - (z>x) • exp( - At) - ^ (?) ^ ' *) " 

i=0 

" / (("*/(*)) • exp( -\t) + k- J (V~7(i)) • exp( - Ai) + 

+ (fc - 1) • J {{v k - 2 f(t)) ■ exp( - At) + . . . + 2 J (^ l f(t)) • exp( - At) + 

+ f{v°f(t))-exp(-\t)dt^dt..^dtjdtjdt for all (t,x) G J xR", fc = 1, . . . , m - 1, 
where the first integral (by Theorem 3.10) 
Fi : (t, x) — > (z/°x) • exp( - At) - J(is°f(t)) ■ exp( - At) (it /or a// (t, x) G J x W\ J C J. 

As an example, the system of ordinary differential equations 

dx\ A n, dx2 n n c?X3 

— — = 4xi - x 2 + e JI , — — = 3xi + x 2 - x 3 + 8t, — — = xi + x 3 + 4 
at at at 

has the eigenvalue Ai =2 with the elementary divisor (A— 2) 3 of multiplicity 3 corresponding to 
the eigenvector v° = (1,-1,1) and the generalized eigenvectors v 1 = (1, 0, — 1), v 2 = (— 2, 2, 0). 
First integrals of this system of differential equations are the functions 

F 1 : (t, x) -> (xi - x 2 + x 3 - 4t)e~ 2 * - e* for all (t, x) G 1R 4 (by Theorem 3.10), 

F 2 : (t,x) -> (xi -x 3 + 2t- l)e~ 2t -tiq(t,x) - 2e* for all (t,x)GM 4 (by Theorem 3.11), 

and (by Theorem 3.11) 

F 3 : (t,x) -> 2(x 2 - xi + 3t + 2)e" 2 ' -t 2 Fi(t,x) - 2tF 2 (t,x) - 2e* for all (t,x) G M 4 . 

Theorem 3.12. Let A = A + Ai (A 7^ 0) 6e an eigenvalue with the elementary divisor of 
multiplicity m (m ^ 2) of the matrix B corresponding to the eigenvector u° = v° + v° i and 
to the generalized eigenvectors v k = v k + v k i : k = 1, . . . , m— 1. Then the system of ordinary 
differential equations (3.27) has the first integrals 
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F r, k+ 1 ■ (*> *) "> « rfc (*> *) " £ @ ^ • ^+1 (*• X ) ~ 

- J (a Tfc (t,/W) + fe-/(« Tifc _ 1 (^/W) + (fe-l)-/(a Tifc _ 2 (t,/W) + 

+ ... + 2 j (a rl (t,f(t)) + J a r0 (t,f{t))d?jdt..)jd?jd?jdt 

for all (t,x) G J xR n , fc = 1, . . . ,m - 1, r = 1, 2, JcJ, 
where the functions 

a lk (t,x) = {y k x-cos\t + V k x ■ sin At) -exp( - \t) for all (t, x) G R n+1 , k = 0,...,m-l, 

a 2k (t,x) = (vx k -cos\t-i' k x-sml\t) -exp( - \t) for all (t,x) G E n+1 , k = 0, . . . , m - 1, 
anc? i/ie ^rsi integrals (by Corollary 3.7) 

F Tl : (t, x) -» a r0 (t, x) - y q t0 (t, / (*)) dt /or a// (t, x) G J x R n , r = 1, 2. 
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